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KIRBY CALCULUS FOR NULL-HOMOLOGOUS FRAMED LINKS
IN 3–MANIFOLDS
KAZUO HABIRO AND TAMARA WIDMER
Abstract. A theorem of Kirby gives a necessary and sufficient condition for
two framed links in S3 to yield orientation-preserving diffeomorphic results of
surgery. Kirby’s theorem is an important method for constructing invariants
of 3–manifolds. In this paper, we prove a variant of Kirby’s theorem for null-
homologous framed links in a 3–manifold. This result involves a new kind of
moves, called IHX-moves, which are closely related to the IHX relation in the
theory of finite type invariants. When the first homology group of M is free
abelian, we give a refinement of this result to ±1–framed, algebraically split,
null-homologous framed links in M .
1. Introduction
1.1. Kirby calculus for framed links in 3–manifolds. Surgery along a framed
link L in a 3–manifold M is a process of removing a tubular neighborhood of L
from M and gluing back a solid torus in a different way using the framing, which
yields a new 3–manifold ML. One can also construct ML by using the 4–manifold
WL obtained from the cylinder M × [0, 1] by attaching 2–handles on M ×{1} along
L× {1}. Then WL is a cobordism between ML and M .
Every closed, connected, oriented 3–manifold can be obtained from the 3–sphere
S3 by surgery along a framed link [17, 24]. Kirby’s calculus of framed links [16] gives
a criterion for two framed links in S3 to produce orientation-preserving diffeomor-
phic result of surgery: two framed links L and L′ in S3 yield orientation-preserving
diffeomorphic 3–manifolds if and only if L and L′ are related by a sequence of two
kinds of moves, called stabilizations and handle-slides, depicted in Figure 1. These
moves are also called K1–moves and K2–moves in the literature. Kirby’s theorem is
used in the definition of the Reshetikhin–Turaev invariant [20] and other quantum
3–manifold invariants.
Fenn and Rourke [6] generalized Kirby’s theorem to framed links in a general
closed 3–manifold in two natural ways. On the one hand, they proved that two
framed links in M yield orientation-preserving diffeomorphic 3–manifolds if and
only if they are related by a sequence of stabilizations, handle-slides and K3–moves.
Here a K3–move on a framed link adds or removes a 2–component sublink K ∪K ′
such that K is a framed knot in M with arbitrary framing, and K ′ is a small 0–
framed knot meridional to K, see Figure 2. Roberts [21] generalized this result to
3–manifolds with boundary. On the other hand, Fenn and Rourke considered the
equivalence relation, called the δ–equivalence, on framed links in M generated by
stabilizations and handle-slides. They proved that two framed links L and L′ in
a closed oriented 3–manifold M are δ–equivalent if and only if pi1WL and pi1WL′
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handle-slide
Li
Lj Lj
L′i
L L ∪
±1stabilization
Figure 1. (a) A stabilization (or K1–move) adds or deletes an
isolated ±1–framed unknot. (b) A handle-slide (or K2–move) re-
places one component with the band-sum of the component with
a parallel copy of another component.
K3–move
L
K
K′
L ∪
Figure 2. A K3–move L↔ L ∪K ∪K ′.
are isomorphic and there is an orientation-preserving diffeomorphism h : ML
∼=→
M ′L satisfying a certain condition. This result is generalized to 3–manifolds with
boundary [13]. (See also [7] for the case where the boundary is connected.)
1.2. Kirby calculus for null-homologous framed links. The main purpose
of this paper is to study calculus of null-homologous framed links in a compact,
connected, oriented 3–manifold M possibly with non-empty boundary.
Let k be Z or Q. A framed link L in M is said to be k–null-homologous if every
component of L is k–null-homologous in M , i.e., represents 0 ∈ H1(M ; k).
Let P ⊂ ∂M be a subset which contains exactly one point of each connected
component of ∂M . To a k–null-homologous framed link L in M is associated a
surjective homomorphism
gL : H1(ML, PL; k)→ H1(M,P ; k)(1.2.1)
defined as the composite
H1(ML, PL; k)
incl∗−→ H1(WL, PL; k) −→∼= H1(WL, P ; k)
incl−1∗−→∼= H1(M,P ; k).
Here PL ⊂ ∂ML is the image of P by the natural identification map ∂M
∼=→ ∂ML,
and the middle isomorphism is induced by the paths p× [0, 1] ⊂ ∂M × [0, 1] ⊂ ∂WL
for p ∈ P .
A k–null-homologous K3–move is a K3–move such that the component K in
the definition of a K3–move is k–null-homologous. A k–null-homologous K3–move
transforms a k–null-homologous framed link into another k–null-homologous framed
link.
We will define an IHX-move in Section 6. This move corresponds to the IHX
relation for tree claspers, and is closely related to the IHX relation in the theory of
finite type invariants of links and 3–manifolds.
The first main result in this paper is the following.
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Theorem 1.1. Let M be a compact, connected, oriented 3–manifold. Let P ⊂ ∂M
be a subset containing exactly one point of each connected component of ∂M . Let
L and L′ be Q–null-homologous framed links in M . Then the following conditions
are equivalent.
(i) L and L′ are related by a sequence of stabilizations, handle-slides, Q–null-
homologous K3–moves, and IHX-moves.
(ii) There is an orientation-preserving diffeomorphism h : ML
∼=→ ML′ re-
stricting to the identification map ∂ML ∼= ∂ML′ such that the following
diagram commutes.
H1(ML, PL;Q)
h∗
∼=
//
gL ((
H1(ML′ , PL′ ;Q)
gL′vv
H1(M,P ;Q).
(1.2.2)
In Theorem 1.1, IHX-moves are necessary only when rankH1M ≥ 4, see Remark
8.6. If M is a rational homology sphere, then Theorem 1.1 without IHX-moves
recovers [6, Theorem 8], since every framed link in M is Q–null-homologous.
Theorem 1.1 is proved in Section 8.3 for M with non-empty boundary, and in
Section 8.4 for M closed.
If H1(M ;Z) is free abelian, then Q–null-homologous framed links in M are Z–
null-homologous. It is easy to see that Theorem 1.1 implies the following.
Theorem 1.2. Let M and P be as in Theorem 1.1, and assume that H1(M ;Z)
is free abelian. Let L and L′ be Z–null-homologous framed links in M . Then the
following conditions are equivalent.
(i) L and L′ are related by a sequence of stabilizations, handle-slides, Z–null-
homologous K3–moves, and IHX-moves.
(ii) There is an orientation-preserving diffeomorphism h : ML
∼=→ ML′ re-
stricting to the identification map ∂ML ∼= ∂ML′ such that the following
diagram commutes.
H1(ML, PL;Z)
h∗
∼=
//
gL ((
H1(ML′ , PL′ ;Z)
gL′vv
H1(M,P ;Z).
(1.2.3)
In a future paper [12], the first author plans to generalize Theorem 1.2 to the
case where H1(M ;Z) has non-trivial torsion.
1.3. Kirby calculus for admissible framed links. The second main result of
this paper is a refinement of Theorem 1.2 to a special class of framed links, called
admissible framed links.
Let L = L1 ∪ · · · ∪ Lk be a Z–null-homologous framed link in a compact, con-
nected, oriented 3–manifold M . Note that L admits a well-defined linking matrix
Lk(L) = (lij)1≤i,j≤k,
where lii is the framing of Li, and lij (i 6= j) is the linking number of Li and Lj .
Then L is said to be admissible if the linking matrix Lk(L) is diagonal with diagonal
entries ±1. We call surgery along an admissible framed link an admissible surgery.
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band-slide
Li Lj L
′
j
L′i
Figure 3. A band-slide of the component Li over Lj .
Admissible surgeries on 3–manifolds have been studied in several places. It
is well known that every integral homology 3–sphere can be obtained from S3
by an admissible surgery. Ohtsuki used admissible surgeries to define the notion
of finite type invariants of integral homology spheres [18]. Cochran, Gerges and
Orr [3] studied the equivalence relation on closed, oriented 3–manifolds generated
by admissible surgeries, called 2–surgeries in [3]. They gave a characterization
for two closed oriented 3–manifolds to be equivalent under admissible surgeries.
Cochran and Melvin [4] used admissible surgeries to define finite type invariants
of 3–manifolds generalizing Ohtsuki’s definition of finite type invariants of integral
homology spheres.
A band-slide on a framed link is an algebraically cancelling pair of handle-slides,
see Figure 3. A band-slide preserves the homology classes of the components of
a link, and also preserves the linking matrix of a Z–null-homologous framed link.
Thus, a band-slide on an admissible framed link yields an admissible framed link.
The first author proved the following refinement of Kirby’s theorem to admissible
framed links in S3.
Theorem 1.3 ([11]). Let L and L′ be two admissible framed links in S3. Then the
following conditions are equivalent.
(i) L and L′ are related by a sequence of stabilizations and band-slides.
(ii) S3L and S
3
L′ are orientation-preserving diffeomorphic.
The second main result of this paper is Theorem 1.4 below, which refines Theo-
rem 1.2 and generalizes Theorem 1.3. To state it, we need new moves on admissible
framed links called pair moves, lantern-moves and admissible IHX-moves.
Two admissible framed links in M are said to be related by a pair move if one
of them, say L′, is obtained from the other, say L, by adjoining a 2–component
admissible framed link K+ ∪K− in M \L, where K+ and K− are parallel to each
other and K+ and K− have framings +1 and −1, respectively, see Figure 4. It
follows that L and L′ give diffeomorphic results of surgery, since one can handle-
slide K+ over K− to obtain from L′ = L∪K+∪K− a framed link L˜ = L∪J ∪K−
which is related to L by a Z–null-homologous K3–move.
A lantern-move is defined as follows. Let V3 be a handlebody of genus 3,
which is identified with the complement of the tubular neighborhood of a trivial
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K+
L L ∪ = L′
pair-move
K−
Figure 4. A pair-move
lantern-move
+1 +1 +1
+1
+1
+1
+1
(a) (b)
γ1 γ2 γ3 γ1 γ2 γ3
Figure 5. A lantern-move in a genus 3 handlebody V3.
3–component string link
γ = γ1 ∪ γ2 ∪ γ3 = (three points)× [0, 1]
in the cylinder D2 × [0, 1]. Let K and K ′ be two framed links in V3 as depicted
in Figure 5(a) and (b), respectively. Here all the components in K and K ′ are
+1, where the framings are defined in the cylinder. The framed links K and K ′
correspond to the products of Dehn twists in a 3–punctured torus D3 appearing
in the two sides of the lantern relation in the mapping class group. Let L be an
admissible framed link in a 3–manifold M , and let f : V3 ↪→M\L be an orientation-
preserving embedding such that both L ∪ f(K) and L ∪ f(K ′) are admissible in
M . (In fact, L ∪ f(K) is admissible if and only if L ∪ f(K ′) is admissible.) Then
the two framed links L ∪ f(K) and L ∪ f(K ′) are said to be related by a lantern-
move. A lantern-move preserves the diffeomorphism class of the results of surgery
since we have a diffeomorphism (V3)K ∼= (V3)K′ restricting to the canonical map
∂(V3)K ∼= ∂(V3)K′ . The latter fact follows since the results of surgery along K and
K ′ on the framed string link γ ⊂ D2 × [0, 1] are equivalent. Alternatively, one can
check that K and K ′ are δ–equivalent in V3.
An admissible IHX-move, defined in Section 9.1, is a modification of an IHX-
move, involving only admissible framed links.
Theorem 1.4. Let M , P be as in Theorem 1.2. Let L and L′ be admissible framed
links in M . Then the following conditions are equivalent.
(i) L and L′ are related by a sequence of stabilizations, band-slides, pair-
moves, admissible IHX-moves, and lantern-moves.
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(ii) There is an orientation-preserving diffeomorphism h : ML
∼=→ ML′ re-
stricting to the natural identification map ∂ML
∼=→ ∂ML′ such that Dia-
gram (1.2.3) commutes.
The set of moves given in Theorem 1.4(ii) is not minimal. See Section 9.9.
In particular, admissible IHX-moves are not necessary when rankH1M < 4. If,
moreover, M is S3, then we do not need the pair-moves or the lantern-moves and
we recover Theorem 1.3.
Theorem 1.4 gives a method to study 3–manifolds obtained by admissible surgery
on a fixed 3–manifold M with free abelian H1M . Thus, it is expected that Theorem
1.4 has some applications to the surgery equivalence relation studied by Cochran,
Gerges and Orr [3] and to Cochran and Melvin’s finite type invariants [4].
In particular, in a future paper the first author plans to use Theorem 1.4 in order
to construct an invariant J2(M) of 3–manifolds M which are admissible surgery
equivalent to a fixed 3–manifold M0 with H1M0 ∼= Zr, r ≥ 0. If M0 = Σg,1 × [0, 1]
is a cylinder over a surface Σg,1 of genus g with ∂Σg,1 ∼= S1, the manifolds we
consider here are exactly homology cylinders over Σg,1 with vanishing first Johnson
homomorphism, and the invariant J2(M) coincides with the image of M by the
second Johnson homomorphism. Thus, the invariant J2(M) may be regarded as a
natural generalization of the second Johnson homomorphism of homology cylinders.
1.4. Organization of the paper. The rest of this paper is organized as follows. In
Section 2 we recall the generalization of Fenn and Rourke’s theorem to 3–manifolds
with boundary obtained in [13]. We use fundamental groupoids of 3–manifolds to
simplify the statement. This result is modified in Section 3 for N–links in a 3–
manifold M . Here N is a normal subgroup of pi1M , and an N–link is a framed link
such that the homotopy class of each component is contained in N . In Section 4 we
fix a group G and consider manifolds over the Eilenberg–Mac Lane space K(G, 1).
This section includes further modification of the result in Section 3 and preparation
for the next section. In Section 5 we show that each homology class in H4(G) can
be realized by a framed link in a handlebody V . Sections 6 and 7 are preparations
for Section 8. In Section 6 we define IHX-moves on null-homologous framed links in
a 3–manifold, and in Section 7 we give a new handle decomposition of the 4–torus
T 4 related to the IHX-move. In Sections 8 and 9 we prove Theorems 1.1 and 1.4,
respectively.
Acknowledgments. The first author was partially supported by JSPS, Grant-in-Aid
for Scientific Research (C) 24540077. The second author was supported by SNF, No.
200020 134774/1. The first author thanks Christian Blanchet and Gregor Masbaum
for helpful discussions.
2. Generalization of Fenn and Rourke’s theorem to 3–manifolds with
boundary
In this section, we state the generalization of Fenn and Rourke’s theorem [6] to 3–
manifolds with boundary that we proved in [13]. We mainly follow the constructions
in [13], but the description given here is slightly simplified by the use of fundamental
groupoids.
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2.1. Fundamental groupoids. Let X be a topological space, and let P ⊂ X be
a subset. Let Π(X,P ) denote the fundamental groupoid of X with respect to P .
The objects of Π(X,P ) are the elements of P , and the morphisms from p ∈ P
to p′ ∈ P are homotopy classes of paths from p to p′. The set Π(X,P )(p, p′)
of morphisms from p to p′ is denoted usually by Π(X; p, p′). For p ∈ P , we set
pi1(X, p) = Π(X; p, p), the fundamental group of X at p.
If X is connected, then Π(X,P ) is a connected groupoid, i.e., for p, p′ ∈ P , the
set Π(X; p, p′) is non-empty. If, moreover, N is a normal subgroup of pi1(X, p), then
we denote by Π(X,P )/N the quotient of Π(X,P ) by the equivalence relation ∼ on
the morphisms in Π(X,P ) such that for g, g′ : p′ → p′′ (p′, p′′ ∈ P ), we have g ∼ g′
if and only if for any f : p→ p′ we have f−1g−1g′f ∈ N .
In this paper,  for groupoids denotes an epimorphism in the category of
groupoids, i.e., a full functor which is surjective on objects. In fact, all the groupoid
epimorphism denoted by  appearing below are be bijective on objects. In the
above situation we have an epimorphism
Π(X,P )  Π(X,P )/N,
which is the identity on objects.
In this section, we fix a compact, connected, oriented 3–manifold M with non-
empty boundary, whose components will be denoted by F1, . . . , Ft (t ≥ 1). We also
fix
P = {p1, . . . , pt} ⊂ ∂M,
where pi ∈ Fi for each i = 1, . . . , t. We consider the fundamental groupoid Π(M,P )
of M with respect to P . Since M is connected, the groups pi1(M,pi) for i = 1, . . . , t
are isomorphic to each other. We regard p1 as the basepoint of M , and often write
pi1M = pi1(M,p1).
2.2. Framed links and surgery. A framed link L = L1 ∪ · · · ∪ Ln in M is a link
such that each component Li of L is given a framing, i.e., a homotopy class of a
simple closed curve γi in the boundary ∂N(Li) of a tubular neighborhood N(Li) of
Li in M which is homotopic to Li in N(Li). Surgery along a framed link L denotes
the process of removing the interior of N(Li), and gluing a solid torus D
2 × S1
to ∂N(Li) so that the curve ∂D
2 × {∗}, ∗ ∈ S1, is attached to γi ⊂ ∂N(Li) for
i = 1, . . . , n. We denote the result of surgery by ML. Note that the boundary ∂ML
is naturally identified with ∂M .
Surgery along a framed link can also be defined by using 4–manifolds, as men-
tioned in the introduction. In the above situation, let WL denote the 4–manifold
obtained from the cylinder M×I, where I = [0, 1], by attaching a 2–handle D2×D2
along N(Li)× {1} using a diffeomorphism
S1 ×D2 ∼=→ N(Li),
which maps S1×{∗}, ∗ ∈ ∂D2, onto the framing γi. We have a natural identification
∂WL ∼= M ∪
∂M
(∂M × I) ∪
∂ML
ML.
Thus, WL is a cobordism between M and ML. Note that ∂WL is a connected,
closed 3–manifold.
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Set PL = {pL1 , . . . , pLt } ⊂ ∂ML, where pLk = pk × {1} ∈ ∂ML for k = 1, . . . , t.
Let γk = pk × I ⊂ ∂WL for k = 1, . . . , t. Note that γk is an arc in ∂WL from
pk ∈ ∂M ⊂ ∂WL to pLk .
The point p1 is regarded as a basepoint of WL as well as of M , and we set
pi1WL := pi1(WL, p1). We regard p
L
1 as the basepoint of ML and write pi1ML :=
pi1(M,p
L
1 ).
The inclusions
M
i
↪→WL i
′
←↩ ML
induce full functors
Π(M,P )
i∗ // // Π(WL, P ) Π(ML, PL).
i′∗oooo
Here i′∗ is defined as the composite
Π(ML, PL)
i′∗−→ Π(WL, PL) γ1,...,γt−→∼= Π(WL, P ),
where the second isomorphism is induced by the arcs γ1, . . . , γt.
Let NL denote the normal subgroup of pi1M normally generated by the homotopy
classes of the components of L. Then we have
NL = ker(i∗ : pi1M → pi1WL).(2.2.1)
2.3. Fenn–Rourke theorem for 3–manifolds with boundary. Fenn and Rourke
[6, Theorem 6] characterized the condition for two framed links in a closed, oriented
3–manifold to be related by a sequence of stabilizations and handle-slides. Garo-
ufalidis and Kricker [7] and the authors [13] generalized it to 3–manifolds with
boundary. (The result in [7] was not correct for 3-manifold with more than one
boundary components. A correct version was given in [13].) In this subsection we
state this result in a slightly different way using fundamental groupoids.
Let L and L′ be framed links in M and suppose that there is an orientation-
preserving diffeomorphism
h : ML
∼=→ML′
which restricts to the natural identification map ∂ML ∼= ∂ML′ . Then we obtain a
closed, oriented 4–manifold
W = WM,L,L′,h := WL ∪∂ (−WL′)
by gluing WL with −WL′ along their boundaries using the map
h ∪ id(M×{0})∪(∂M×[0,1]) : ∂WL
∼=→ ∂WL′ .
Suppose that we have NL = NL′ . Then there exists a unique groupoid isomor-
phism f : Π(WL, P ) → Π(WL′ , P ), which is the identity on objects, such that the
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triangle in the diagram
Π(ML, PL)
h∗
∼=
//
i′∗ 
Π(ML′ , PL′)
i′∗
Π(WL, P )
f
∼=
// Π(WL′ , P )
Π(M,P )
i∗
ffff
i∗
77 77
(2.3.1)
commutes.
Suppose moreover that the square in Diagram (2.3.1) commutes.
Let j, j′, u, u′ be the inclusion maps in the diagram
∂WL
u′ //
u

WL′
j′

WL
j // W.
(2.3.2)
Consider the pi1 of the above diagram
pi1∂WL
u′∗ // //
u∗

pi1WL′
j′∗ ∼=

pi1WL
j∗
∼=
//
f1
∼=
99
pi1W.
(2.3.3)
Here, the square is a pushout by the Van Kampen theorem since ∂WL is connected.
The isomorphism f1 is defined by
f1 = f : Π(WL, P )(p1, p1)→ Π(WL′ , P )(p1, p1).
In [13, Lemma 2.1], we proved that Diagram (2.3.3) commutes. It follows that j∗
and j′∗ are isomorphisms. Thus we have
pi1W ∼= pi1WL ∼= pi1WL′ ∼= pi1M/NL.
Let K(pi1W, 1) be the Eilenberg–Mac Lane space, which is obtained from W by
adding cells of dimension ≥ 3. Let
ρW : W → K(pi1W, 1)
be the inclusion map. We set
η(M,L,L′, h) = (ρW )∗([W ]) ∈ H4(pi1W ),
where [W ] ∈ H4W is the fundamental class. Here, and in what follows, for a group
G we identify H∗(K(G, 1)) with H∗(G).
Now we state our generalization of Fenn and Rourke’s theorem. (When ∂M is
connected, this is equivalent to the corresponding case of the statement given in [7,
Theorem 4].)
Theorem 2.1 ([13, Theorem 2.2]). Let L and L′ be framed links in a compact,
connected, oriented 3–manifold M with non-empty boundary. Then the following
conditions are equivalent.
(i) L and L′ are δ–equivalent.
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(ii) There is a diffeomorphism h : ML
∼=→ML′ restricting to the identification
map ∂ML ∼= ∂ML′ , and there is a groupoid isomorphism
f : Π(WL, P )
∼=→ Π(WL′ , P )
such that Diagram (2.3.1) commutes and we have η(M,L,L′, h) = 0 ∈
H4(pi1W ).
Note that the statement of Theorem 2.1 is slightly different from [13, Theorem
2.2] in the following points:
• We use the fundamental groupoid Π(M,P ) etc. instead of pi1(M ; p1, pk)
for k = 1, . . . , t.
• We use pi1W instead of pi1WL(∼= pi1W ).
These differences are not essential, and one can easily check that Theorem 2.1 is
equivalent to [13, Theorem 2.2].
Remark 2.2. To the authors’ knowledge, in the literature there have been no exam-
ples of the data in [6, Theorem 6] and Theorem 2.1 with non-zero homology class
in H4(pi1W ). In Section 5, we construct such examples for any α ∈ H4(pi1W ), see
Proposition 5.2.
3. N–links
In this section, we give a modification of Theorem 2.1 which will be useful in
many situations.
We fix a normal subgroup N of pi1M . Let
q : pi1M  pi1M/N
denote the projection, which naturally extends to a full functor
q : Π(M,P )  Π(M,P )/N.
3.1. N–links and surgery. A framed link L in M is called an N–link in M if
NL ⊂ N , i.e., if the homotopy class of each component of L is in N .
For an N–link L in M , consider the following diagram
pi1ML
i′∗ // //
qL ** **
pi1WL
q¯L
%% %%
pi1M
i∗oooo
q

pi1M/N.
(3.1.1)
Since NL ⊂ N , there is a unique surjective homomorphism q¯L such that q = q¯Li∗.
We set qL := q¯Li
′
∗. Diagram (3.1.1) naturally extends to a commutative diagram
in groupoids
Π(ML, PL)
i′∗ // //
qL ++ ++
Π(WL, P )
q¯L
'' ''
Π(M,P )
i∗oooo
q

Π(M,P )/N.
(3.1.2)
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Suppose that L and L′ are N–links in M and h : ML
∼=→ML′ is a diffeomorphism
restricting to the identification map ∂ML ∼= ∂ML′ such that the following diagram
commutes.
(3.1.3) Π(ML, PL)
qL '' ''
∼=
h∗ // Π(ML′ , PL′)
qL′wwww
Π(M,P )/N.
Lemma 3.1. In the above situation, there is a unique functor
g : Π(W,P )  Π(M,P )/N
such that q¯L = gj∗ and q¯L′ = gj′∗.
Proof. Consider the following diagram.
Π(ML, PL)
h∗
,,
v∗
''
(i′)L∗

qL //
Π(M,P )
k∗
iL∗

iL
′
∗

Π(ML′ , PL′)
v′∗
ww
(i′)L
′
∗

qL′oo
Π(∂WL, P )
u∗ww u
′
∗ ''
Π(WL, P )
j∗
''
q¯L

Π(WL′ , P )
j′∗
ww
q¯L′

Π(W,P )
g

Π(M,P )/N
(3.1.4)
The arrows above Π(W,P ) are induced by a commutative diagram of inclusions
of submanifolds of W , and hence form a commutative subdiagram. The middle
diamond j∗u∗ = j′∗u
′
∗ is a pushout. Therefore, to prove existence of g : Π(W,P )→
Π(M,P )/N which makes the above diagram commute (i.e., gj∗ = q¯L and gj′∗ =
q¯L′), it suffices to prove that q¯Lu∗ = q¯L′u′∗. Since the groupoid Π(∂WL, P ) is
generated by the images of k∗ and v∗, it suffices to check that
q¯Lu∗k∗ = q¯L′u′∗k∗, q¯Lu∗v∗ = q¯L′u
′
∗v∗
Indeed, we have
q¯Lu∗k∗ = q¯LiL∗ = q¯L′i
L′
∗ = q¯L′u
′
∗k∗,
and
q¯Lu∗v∗ = q¯L(i′)L∗ = qL = qL′h∗ = q¯L′(i
′)L
′
∗ h∗ = q¯L′u
′
∗v
′
∗h∗ = q¯L′u
′
∗v∗.

By Lemma 3.1, there is a surjective homomorphism
g : pi1W  pi1M/N.
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Let K(pi1M/N, 1) be obtained from K(pi1W, 1) by attaching cells of dimension ≥ 2.
Let
ρW,N : W → K(pi1M/N, 1)
be the inclusion map. Now, define a homology class
ηpi1M/N (M,L,L
′, h) = (ρW,N )∗([W ]) ∈ H4(pi1M/N).
3.2. K3(N)–moves. A K3(N)–move on a framed link in M is a K3–move L ↔
L∪K ∪K ′ as in Figure 2, where the homotopy class of K is contained in N . Note
that a K3(N)–move on an N–link produces another N–link.
The δ(N)–equivalence on N–links in M is defined as the equivalence relation
generated by stabilizations, handle-slides and K3(N)–moves.
Suppose that L and L ∪K ∪K ′ are related by a K3(N)–move as above. Let V
be a tubular neighborhood of K in M \L containing K ′ in the interior. Then there
is a diffeomorphism h : ML ∼= ML∪K∪K′ restricting to the identity on M \ intV .
Such an h is unique up to isotopy relative to M \ intV . The 4–manifold WL∪K∪K′
is diffeomorphic to the 4–manifold obtained from WL by surgery along the framed
knot
K˜ := K × {1/2} ⊂M × [0, 1] ⊂WL (= M × [0, 1] ∪ (2–handles)) ,
where the framing of K˜ is determined by that of K. (This fact follows since (M ×
[0, 1])K˜ is diffeomorphic to the relative double D(WK) = WK ∪MK (−WK) of the
4–manifold WK , and the 2–handle in WK induces the dual 2–handle in D(WK),
which is attached along a 0–framed meridian to K, i.e., K ′.) Thus, there is a
natural surjective homomorphism
θ : pi1WL  pi1WL∪K∪K′
with kernel normally generated by the homotopy class of K˜. We have a cobordism
X := (WL × [0, 1]) ∪ (a 2–handle attached along K˜ × {1})
between WL and (WL)K˜
∼= WL∪K∪K′ . This cobordism X is over K(pi1M/N, 1)
since K˜ maps to a null-homotopic loop in K(pi1M/N, 1).
The homomorphism θ extends in a natural way to a full, identity-on-objects
functor
θ : Π(WL, P )  Π(WL∪K∪K′ , P ).
Lemma 3.2. In the above situation with L′ := L ∪ K ∪ K ′, Diagram (3.1.3)
commutes and we have
ηpi1M/N (M,L,L
′, h) = 0 ∈ H4(pi1M/N).(3.2.1)
KIRBY CALCULUS FOR NULL-HOMOLOGOUS FRAMED LINKS IN 3–MANIFOLDS 13
Proof. To prove commutativity of (3.1.3), consider the following diagram.
(3.2.2) Π(ML, PL)
(i′)L∗
h∗
∼=
//
qL // //
Π(ML′ , PL′)
(i′)L
′
∗ 
qL′oooo
Π(WL, P )
θ // //
q¯L
 
Π(WL′ , P )
q¯L′

Π(M,P )
iL∗
gggg
iL
′
∗
77 77
q

Π(M,P )/N
We have
qL′h∗ = q¯L′(i′)L
′
∗ h∗ = q¯L′θ(i
′)L∗ = q¯L(i
′)L∗ = qL.
Here we have q¯L′θ = q¯L since we have
q¯L′θi
L
∗ = q¯L′i
L′
∗ = q = q¯Li
L
∗
and the functor iL∗ is full and the identity on objects.
Now, we will prove (3.2.1). As we have observed, WL and WL′ = WL∪K∪K′ are
cobordant over K(pi1M/N, 1). Hence we have
ηpi1M/N (M,L,L
′, h) = (ρW,N )∗([W ]) = 0.

3.3. Characterization of δ(N)–equivalence. We have the following characteri-
zation of the δ(N)–equivalence.
Theorem 3.3. Let M be a compact, connected, oriented 3–manifold with non-
empty boundary. Let P ⊂ ∂M contain exactly one point of each connected compo-
nent of ∂M . Let N be a normal subgroup of pi1M . Let L and L
′ be N–links in M .
Then the following conditions are equivalent.
(i) L and L′ are δ(N)–equivalent.
(ii) There is a diffeomorphism h : ML ∼= ML′ restricting to the identification
map ∂ML ∼= ∂ML′ such that Diagram (3.1.3) commutes and we have
ηpi1M/N (M,L,L
′, h) = 0 ∈ H4(pi1M/N).(3.3.1)
Proof Theorem 3.3, “only if” part. This part follows from Lemma 3.2 and the “only
if” part of Theorem 2.1. 
For the “if” part, we first consider the case where N is normally finitely generated
in pi1M .
Proof of Theorem 3.3, “if” part with N normally finitely generated in pi1M . By the
assumption, there is a framed link K = K1∪· · ·∪Kk in M disjoint from both L and
L′ such that NK = N . Let K∗ = K∗1 ∪ · · · ∪K∗k be a framed link in M consisting
of small 0–framed meridians K∗j to Kj . Thus L and L˜ := L ∪ K ∪ K∗ (resp. L′
and L˜′ := L′ ∪K ∪K∗) are related by k K3(N)–moves. We have N = NL˜ = NL˜′ .
It suffices to prove that L˜ and L˜′ are δ–equivalent. Consider the following dia-
gram.
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(3.3.2)
Π(ML, PL)
m∗
∼=
//
(i′)L∗
h∗
∼= ,,
qL // //
Π(ML˜, PL˜)
h˜∗=(m′hm−1)∗
∼=
//
(i′)L˜∗
Π(ML˜′ , PL˜′)
(i′)L˜
′
∗ 
Π(ML′ , PL′)
m′∗
∼=
oo
(i′)L
′
∗ 
qL′oooo
Π(WL, P )
θ // //
q¯L
%% %%
Π(WL˜, P )
f :=q¯−1
L˜′ q¯L˜
∼=
//
q¯L˜
∼=

Π(WL˜′ , P )
q¯L˜′
∼=

Π(WL′ , P )
θ′oooo
q¯L′
xxxx
Π(M,P )
iL˜∗
eeee
iL˜
′
∗
88 88
q

Π(M,P )/N
Here m : ML
∼=→ML˜ and m′ : ML′
∼=→ML˜′ are natural diffeomorphisms, and we
set h˜ = m′hm−1 : ML˜
∼=→ ML˜′ . All the faces except the middle square commute.
Since the outermost triangle commutes, i.e., qL = qL′h∗, one can check that
q¯L˜′f(i
′)L˜∗ = q¯L˜′(i
′)L˜
′
∗ h˜∗.
Since q¯L˜′ is an isomorphism, the middle square commutes, i.e.,
f(i′)L˜∗ = (i
′)L˜
′
∗ h˜∗.
Thus, the whole Diagram (3.3.2) commutes.
Set
W := WM,L,L′,h = WL ∪∂ (−WL′),
W˜ := WM,L˜,L˜′,h˜ = WL˜ ∪∂ (−WL˜′).
By commutativity of the middle pentagon, the homology class
ηpi1M/N (M, L˜, L˜
′, h˜) = (ρW˜ )∗([W˜ ]) ∈ H4(pi1M/N),
is defined. We claim that W˜ and W are bordant over K(pi1M/N). Indeed, there is
an oriented, compact 5–cobordism X between W and W˜ constructed as in Section
3.2, which maps to K(pi1M/N, 1). Hence it follows that
ηpi1M/N (M, L˜, L˜
′, h˜) = (ρW˜ )∗([W˜ ]) = (ρW )∗([W˜ ]) = ηpi1M/N (M,L,L
′, h),
which is 0 by the assumption. Then, by Theorem 2.1, it follows that L˜ and L˜′ are
δ–equivalent. 
Proof of Theorem 3.3, “if” part (general case). Let N0 ⊂ N denote the smallest
normal subgroup in pi1M containing NL ∪NL′ . Let
q0 : Π(M,P )  Π(M,P )/N0
be the projection. Let
q¯0L : Π(WL, P )  Π(M,P )/N0
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be the functor such that q0 = q¯0Li
L
∗ . Set
q0L = q¯
0
L(i
′)L∗ : Π(ML, PL)  Π(M,P )/N0.
Similarly, define
q¯0L′ : Π(WL′ , P )  Π(M,P )/N0
and
q0L : Π(ML′ , PL′)  Π(M,P )/N0.
Let N¯1 ⊂ pi1M/N0 be the normal subgroup generated by the elements
q0L(a)
−1 · q0L′(h∗(a))
for a ∈ pi1ML. By qL = qL′h∗, it follows that N¯1 ⊂ N/N0. Since pi1ML is finitely
generated, it follows that N¯1 is normally finitely generated in pi1M/N0. Set
N1 = (q
0)−1(N¯1) ⊂ N,
which is normally finitely generated in pi1M .
Let pN0,N1 : Π(M,P )/N0  Π(M,P )/N1 be the projection. Set
q1L = pN0,N1q
0
L : Π(ML, PL)  Π(M,P )/N1,
q1L′ = pN0,N1q
0
L′ : Π(ML′ , PL′)  Π(M,P )/N1.
We have q1L = q
1
L′h∗. Hence we have a well-defined homology class
ηpi1M/N1(M,L,L
′, h) ∈ H4(pi1M/N1).
Since N is a union of normally finitely generated subgroups of pi1M and homology
preserves direct limits, it follows that there is a normally finitely generated subgroup
N2 of pi1M such that N1 ⊂ N2 ⊂ N and
(pN1,N2)∗(ηpi1M/N1(M,L,L
′, h)) = ηpi1M/N2(M,L,L
′, h) = 0 ∈ H4(pi1M/N2),
where pN1,N2 : Π(M,P )/N1  Π(M,P )/N2 is the projection. The following trian-
gle commutes
Π(ML, PL) ∼=
h∗ //
q2L '' ''
Π(ML′ , PL′)
q2
L′wwww
Π(M,P )/N2,
where q2L = pN1,N2q
1
L and q
2
L′ = pN1,N2q
1
L′ . Now we can apply the above-proved
case of the theorem to deduce that L and L′ are δ(N2)–equivalent. Hence they are
δ(N)–equivalent. 
4. Manifolds over K(G, 1)
4.1. Bordism groups. Fix a group G. Let K(G, 1) denote the Eilenberg–Mac
Lane space.
By an n–manifold over K(G, 1) or G–n–manifold we mean a pair (M,ρM ) of a
compact, oriented, smooth n–manifold M and a map ρM : M → K(G, 1). Here we
require no condition about the basepoints even when M has a specified basepoint.
A G–n–manifold (M,ρM ) will often be simply denoted by M .
For n ≥ 0, let Ωn(G) = Ωn(K(G, 1)) denote the n–dimensional oriented bordism
group of K(G, 1), which is defined to be the set of bordism classes of closed G–n–
manifolds.
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There is a natural map
θn : Ωn(G)→ Hn(G)
defined by
θn([M,ρM ]) = (ρM )∗([M ]) ∈ Hn(G).
As is well known (see e.g. [14, Section 2]), one can use Ω0 = Ω4 = Z, Ω1 =
Ω2 = Ω3 = 0 and the Atiyah–Hirzebruch spectral sequence to show that θn is an
isomorphism for n = 0, 1, 2, 3, and we have an isomorphism(
θ4
σ
)
: Ω4(G)
∼=→ H4(G)⊕ Z,(4.1.1)
where
σ([M,ρM ]) = signature(M) ∈ Z.
4.2. G–surfaces, bordered 3–manifolds and cobordisms. By a G–surface we
mean a closed G–2–manifold.
Let (Σ, ρΣ) be a G–surface. A (Σ, ρΣ)–bordered 3–manifold will mean a triple
(M,ρM , φM ) such that (M,ρM ) is a G–3–manifold and φM : Σ
∼=→ ∂M is an
orientation-preserving diffeomorphism satisfying ρΣ = (ρM |∂M )φM .
A cobordism between (Σ, ρΣ)–bordered 3–manifolds (M,ρM , φM ) and (M
′, ρM ′ , φM ′)
is a triple (W,ρW , φW ) consisting of a G–4–manifold (W,ρW ) and an orientation-
preserving diffeomorphism
φW : M ∪Σ (−M ′)
∼=→ ∂W,
where M ∪Σ (−M ′) is the closed oriented 4–manifold obtained by gluing M and
−M ′ along their boundaries using the diffeomorphism φM ′φ−1M : ∂M
∼=→ ∂M ′, such
that the following diagram commutes
M
incl

ρM
**
M ∪Σ (−M ′) φW // W ρW // K(G, 1).
M ′
incl
OO
ρM′
44
We denote this situation by (W,ρW , φW ) : (M,ρM , φM ) → (M ′, ρM ′ , φM ′) or sim-
ply by W : M →M ′.
Two cobordisms W,W ′ : M →M ′ between (Σ, ρΣ)–bordered 3–manifolds M =
(M,ρM ) and M
′ = (M ′, ρM ′) are said to be cobordant if there is a cobordism
between them, i.e., a triple (X, ρX , φX) consisting of a G–5–manifold X = (X, ρX)
and an orientation-preserving diffeomorphism
φX : W
′′ ∼=→ ∂X,
where W ′′ := W∪M∪Σ(−M ′)(−W ′) is the closed, oriented 4–manifold obtained from
W and−W ′ by gluing alongM ∪Σ (−M ′) using the diffeomorphism φW ′φ−1W : W →
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W ′, such that the following diagram commutes
W
incl

ρW
))
W ′′
φX // X
ρX // K(G, 1).
W ′
incl
OO
ρW ′
55
4.3. Cobordism groupoid C = C(Σ,ρΣ). As in the last subsection, let Σ = (Σ, ρΣ)
be a G–surface.
For our purpose, it is convenient to introduce the category C = C(Σ,ρΣ) of Σ–
bordered 3–manifolds and cobordism classes of cobordisms between Σ–bordered
3–manifolds, defined as follows.
The objects in C are Σ–bordered 3–manifolds. The morphisms between two Σ–
bordered 3–manifolds M = (M,ρM , φM ) and M
′ = (M ′, ρM ′ , φM ′) are the cobor-
dism classes of cobordisms between M and M ′.
The composition in C is induced by the composition of cobordisms defined below.
Two cobordisms W : M → M ′ and W ′ : M ′ → M ′′ can be composed in the usual
way: let W ′ ◦W = W ′ ∪M ′ W be the 4–manifold obtained by gluing W ′ and W
along M ′ using the maps
φW |M ′ : M ′ →W, φW ′ |M ′ : M ′ →W ′.
Let
ρW ′◦W = ρW ′ ∪ ρW : W ′ ◦W → K(G, 1),
and
φW ′◦W = (φW ′ |M ′′) ∪ (φW |M ) : M ∪Σ (−M ′′)
∼=→ ∂(W ′ ◦W ).
Then we obtain a new cobordism over K(G, 1)
W ′ ◦W = (W ′ ◦W,ρW ′◦W , φW ′◦W ) : (M,ρM , φM )→ (M ′′, ρM ′′ , φM ′′).
The identity morphism 1M : M → M is represented by the “reduced” cylinder
CM = (CM , ρCM , φCM ). The 4–manifold CM is defined by
CM = (M × [0, 1])/ ∼,(4.3.1)
where ∼ is generated by (x, t) ∼ (x, t′) for x ∈ ∂M and t, t′ ∈ [0, 1]. The map
ρCM : CM → K(G, 1) is induced by the composite
M × [0, 1] proj−→M ρM−→K(G, 1).
The map φCM : M ∪Σ (−M)→ ∂CM is given by
φCM = φM,∂CM ∪ φ−M,∂CM ,
where φM,∂CM : M ↪→ ∂CM is induced by M ∼= M × {1} ↪→ M × [0, 1], and
φ−M,∂CM : (−M) ↪→ ∂CM is induced by M ∼= M × {0} ↪→M × [0, 1].
It is not difficult to check that the above definition gives a well-defined category.
By abuse of notation, the morphism in C represented by a cobordism W =
(W,ρW , φW ) from M to M
′ is again denoted by W = (W,ρW , φW ).
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The category C is a groupoid by the same reason that Ωn(G) is a group. In-
deed, for a morphism W = (W,ρW , φW ) : (M,ρM , φM )→ (M ′, ρM ′ , φM ′) in C, the
inverse W−1 is represented by the cobordism
W−1 := (−W,ρW−1 , φW−1) : (M ′, ρM ′ , φM ′)→ (M,ρM , φM ),
where ρW−1 = ρW : (−W ) → K(G, 1), and φW−1 : M ′ ∪Σ (−M)
∼=→ ∂(−W ) is the
composite
M ′ ∪Σ (−M) ∼= −(M ∪Σ (−M)) −φW−→∼= (−∂W )
∼= ∂(−W ).
The composite W−1 ◦W is cobordant to CM via a cobordism (X, ρX , φX). Here
the 5–manifold X is the “partially reduced cylinder”
X := (W × [0, 1])/ ∼,
where (φW (x), t) ∼ (φW (x), t′) for x ∈ (−M ′) ⊂ M ∪∂ (−M ′), t ∈ [0, 1]. The map
ρX : X → K(G, 1) is induced by the composite
W × [0, 1]proj−→W ρW−→K(G, 1).
The diffeomorphism
φX : (W
−1 ◦W ) ∪∂ (−CM )→ ∂X
is given by
φX(w) = (w, 0) for w ∈W ⊂W−1 ◦W,
φX(w) = (w, 1) for w ∈ −W ⊂W−1 ◦W,
φX([x, t]) = (iM,W , t) for x ∈M , t ∈ [0, 1].
Here [x, t] ∈ CM is represented by (x, t) ∈ M × [0, 1], and iM,W : M → W is the
composite
M ⊂M ∪∂ (−M ′) φW−→∂W ⊂W.
Similarly, W ◦W−1 is cobordant to CM ′ . Thus W : M → M ′ is an isomorphism
in C.
4.4. G–diffeomorphism. Let (M,ρM , φM ) and (M
′, ρM ′ , φM ′) be two (Σ, ρΣ)–
bordered 3–manifolds.
By a G–diffeomorphism
h : (M,ρM , φM )
∼=→ (M ′, ρM ′ , φM ′)
we mean a diffeomorphism h : M
∼=→M ′ such that
(i) h is compatible with the maps φM : Σ
∼=→ ∂M and φM ′ : Σ
∼=→ ∂M ′, i.e.,
we have φM ′ = (h|∂M )φM ,
(ii) h is compatible with the maps ρM : M → K(G, 1) and ρM ′ : M ′ →
K(G, 1) up to homotopy relative to ∂M , i.e., we have
ρM'ρM ′h : M → K(G, 1) (rel ∂M).(4.4.1)
In this case, (M,ρM , φM ) and (M
′, ρM ′ , φM ′) are said to be G–diffeomorphic.
We have the following characterization of G–diffeomorphism in terms of funda-
mental groupoids.
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Proposition 4.1. Let (Σ, ρΣ) be a non-empty G–surface. Let (M,ρM , φM ) and
(M ′, ρM ′ , φM ′) be connected (Σ, ρΣ)–bordered 3–manifolds. Let PΣ ⊂ Σ be a sub-
set containing exactly one point of each connected component of Σ, and set P =
φM (PΣ) ⊂ ∂M and P ′ = φM ′(PΣ) ⊂ ∂M ′. Then the following conditions are
equivalent.
(i) (M,ρM , φM ) and (M
′, ρM ′ , φM ′) are G–diffeomorphic.
(ii) There is a diffeomorphism h : M
∼=→M ′ compatible with the maps φM and
φM ′ such that the following groupoid diagram commutes
Π(M,P )
h∗
∼=
//
(ρM )∗ ((
Π(M ′, P ′)
(ρM′ )∗vv
Π(K(G, 1), ρΣ(PΣ)).
(4.4.2)
Proof. It is clear that (i) implies (ii).
Suppose that (ii) holds. It suffices to prove (4.4.1). Suppose p1, . . . , pt (t ≥ 1) be
the elements of PΣ. For i = 2, . . . , t, let γi be a simple curve between φM (p1) and
φM (pi) in M such that γi∩γj = {φM (p1)} if i 6= j. Commutativity of (4.4.2) implies
that, for each i = 2, . . . , t, the maps ρM |γi : γi → K(G, 1) and (ρM ′h)|γi : γi →
K(G, 1) are homotopic relative to endpoints. Hence ρM is homotopic rel ∂M to a
map (ρM )1 : M → K(G, 1) such that
(ρM )1|∂M∪γ2∪···∪γt = (ρM ′h)|∂M∪γ2∪···∪γt .
Note that the subcomplex ∂M ∪ γ2 ∪ · · · ∪ γt of M is connected. By (4.4.2) we
have the following commutative diagram.
pi1(M,φM (p1))
h∗
∼=
//
(ρM )∗ **
pi1(M
′, φM ′(p1))
(ρM′ )∗tt
pi1(K(G, 1), ρΣ(p1)) = G.
(4.4.3)
By the property of the Eilenberg–Mac Lane space K(G, 1), it follows that (ρM )1
is homotopic rel ∂M ∪ γ2 ∪ · · · ∪ γt to ρM ′h. (Here we use the following fact. Let
X be a connected CW complex and let Y ⊂ X be a connected subcomplex. Sup-
pose f, f ′ : X → K(G, 1) be maps such that f |Y = f ′|Y and f∗ = f ′∗ : pi1X →
pi1(K(G, 1)) = G. Then f and f
′ are homotopic rel Y .) 
4.5. Mapping cylinder. Let h : (M,ρM , φM )
∼=→ (M ′, ρM ′ , φM ′) be aG–diffeomorphism
of (Σ, ρΣ)–bordered 3–manifolds.
As before, let CM = (CM , ρCM , φCM ) denote the reduced cylinder over M , which
is a cobordism from M to itself.
A mapping cylinder associated to h is a cobordism
Ch = (CM , ρCh , φCh) : (M,ρM , φM )→ (M ′, ρM ′ , φM ′)
defined as follows. The map
ρCh : CM → K(G, 1)
is induced by a homotopy
ρC˜h : M × [0, 1]→ K(G, 1)
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realizing (4.4.1). The map ρCh is well defined since
ρC˜h(x, 0) = ρM (x), ρC˜h(x, 1) = ρM ′(x), ρC˜h(y, t) = ρM (y)
for x ∈M , y ∈ ∂M , t ∈ [0, 1]. The map
φCh : M ∪Σ (−M ′)
∼=→ ∂Ch
is obtained by gluing two diffeomorphisms
M
∼=→M × {0}, and M ′ h
−1
−→∼= M
∼=→M × {1}.
By the property of K(G, 1), it follows that Ch defines a unique morphism from
M to M ′ in C.
4.6. Closure map. Let W = (W,ρW , φW ) : M → M be an endomorphism of
M = (M,ρM , φM ) ∈ Ob(C). Note that φW : M ∪Σ (−M)
∼=→ ∂W .
Let Wˆ denote the closed 4–manifold obtained from W by identifying φW (M) ⊂
∂W and φW (−M) ⊂ ∂W by the diffeomorphism (φW |−M ) ◦ (φW |M )−1. The map
ρW : W → K(G, 1) induces a map
ρWˆ : Wˆ → K(G, 1).
Set
c(W ) = [Wˆ , ρWˆ ] ∈ Ω4(G).
If W : M →M and W ′ : M →M are cobordant, then Wˆ and Wˆ ′ are cobordant.
Hence we have a map
c : EndC(M)→ Ω4(G).
For two cobordisms M
W−→M ′ W
′
−→M in C, we have the trace identity
c(W ′ ◦W ) = c(W ◦W ′).(4.6.1)
Remark 4.2. The map c : EndC(M) → Ω4(G) is a group homomorphism. We do
not need this fact in the rest of this paper.
4.7. Functor induced by a 3–cobordism. Let Σ = (Σ, ρΣ) and Σ
′ = (Σ′, ρΣ′)
be two G–surfaces, and let M0 = (M0, ρM0 , φM0) be a cobordism between Σ
′ and
Σ, i.e., (M0, ρM0 , φM0) is a (Σ
′ unionsq (−Σ))–bordered G–3–manifold. Then we have a
functor
FM0 : CΣ → CΣ′
defined as follows.
For an object M = (M,ρM , φM ) ∈ Ob(CΣ), define
FM0((M,ρM , φM )) = (FM0(M), ρFM0 (M), φFM0 (M)),
where
FM0(M) = M ∪Σ M0,
ρFM0 (M) = ρM ∪ ρM0 ,
φFM0 (M) = φM0 |Σ′ .
To simplify the notations, we set M ′′ = M ∪Σ M0.
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For a morphism
(W,ρW , φW ) : (M,ρM , φM )→ (M ′, ρM ′ , φM ′)
in CΣ, set
FM0((W,ρW , φW )) = (FM0(W ), ρFM0 (W ), φFM0 (W )).
Here
FM0(W ) = CM ′′ ∪M W
is obtained by gluing CM ′′ and W along M using the maps
M
φW |M
↪→ ∂W and M ∼=→M × {0} ⊂M ′′ × {0} ⊂ ∂CM ′′ .
We set
ρFM0 (W ) = ρW ∪ ρCM′′ : FM0(W )→ K(G, 1).
The map
φFM0 (W ) : (M ∪Σ M0) ∪Σ′ (−(M ′ ∪Σ M0))
∼=→ ∂(FM0(W ))
is defined in an obvious way. It is not difficult to check that FM0 is a well-defined
functor.
The following proposition means that the functor FM0 preserves the closure
map c.
Proposition 4.3. Let Σ, Σ′ and M0 be as above. For an endomorphism W : M →
M in CΣ, we have
c(FM0(W )) = c(W ) ∈ Ω4(G).
Proof. Set W ′ = FM0(W ), and let Wˆ
′ be the closed 4–manifold associated to W ′ as
defined in Section 4.6. Consider the cylinderX = Wˆ ′×[0, 1], which is a 5–cobordism
between Wˆ ′ and itself. Let ∼ be the equivalence relation on Wˆ ′ × {0} ⊂ ∂X by
((x, t), 0) ∼ ((x, t′), 0)
for x ∈M0 and t, t′ ∈ [0, 1]. The 5–manifold X/ ∼ is a cobordism between Wˆ ′ and
Wˆ , on which one can construct a structure of a cobordism of closed G–4–manifolds
in a natural way. Hence we have the result. 
4.8. Restatement of Theorem 3.3. As in Sections 2 and 3, let M be a compact,
connected, oriented 3–manifold with ∂M 6= ∅. Let N be a normal subgroup in pi1M
and set G = pi1M/N . Let q : pi1M → G be the projection.
Let ρM : M → K(G, 1) be the composite of the natural maps
M−→K(pi1M, 1)K(q,1)−→ K(G, 1).
Set ρ∂M = ρM |∂M : ∂M → K(G, 1). Note thatM = (M,ρM , id∂M ) is a (∂M, ρ∂M )–
bordered 3–manifold. In the following, we work in the groupoid C = C(∂M,ρ∂M ).
Let L be an N–link in M . Recall that
WL = (M × [0, 1]) ∪ (2–handles attached along L× {1}).
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By abuse of notation, let WL denote the 4–manifold obtained from WL by “reducing
∂M × [0, 1]” by the equivalence relation (x, t) ∼ (x, t′), x ∈ ∂M , t, t ∈ [0, 1]. One
can identify WL with
CM ∪ (2–handles attached along L× {1}).
The map ρM : M → K(G, 1) extends to
ρWL : WL → K(G, 1),
which is unique up to homotopy relative to M . Set
ρML = ρWL |ML : ML → K(G, 1).
Then WL is a cobordism between (∂M, ρ∂M )–bordered 3–manifolds (M,ρM ) and
(ML, ρML).
Let L′ be another N–link in M . If there is a G–diffeomorphism
h : (ML, ρML , φML)
∼=→ (ML′ , ρML′ , φML′ ),
then we have
ηG(M,L,L
′, h) = θ4(c(W−1L′ ◦ Ch ◦WL)),(4.8.1)
where Ch : ML →ML′ is the mapping cylinder of h.
Now, we can restate Theorem 3.3 as follows.
Theorem 4.4. Let M , N , G be as above. Let L and L′ be N–links in M . Then
the following conditions are equivalent.
(i) L and L′ are δ(N)–equivalent.
(ii) There is a G–diffeomorphism h : ML →ML′ such that
θ4(c(W
−1
L′ ◦ Ch ◦WL)) = 0.(4.8.2)
5. Characterization of G–diffeomorphism
In applications of Theorem 4.4, the homological condition (4.8.2) could be an
obstruction. In this section we show that this condition can be eliminated by
introducing new moves onN–links corresponding to elements of the homology group
H4(G).
5.1. Framed link realization of α ∈ H4(G). A framed link L in a G–3–manifold
(M,ρM ) is said to be G–trivial if we have (ρM )∗(NL) = {1}. In other words, L
is G–trivial if each component of L is mapped by ρM to a null-homotopic loop in
K(G, 1).
Theorem 5.1. Let G be a group, and let α ∈ H4(G). Then there are
• a G–3–manifold (V, ρV ) with V a handlebody,
• a G–trivial framed link K in (V, ρV ),
• a G–diffeomorphism hV : VK
∼=→ V
such that we have
θ4(c(ChV ◦WVK )) = α.(5.1.1)
Here the cobordism WVK : V → VK is defined by
WVK = CV ∪ (2–handles attached along K × {1}).
We call ((V, ρV ),K, hV ) a framed link realization of α.
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Proof. Since θ4 : Ω4(G) → H4(G) is surjective, α ∈ H4(G) is represented by a
closed, connected, oriented G–4–manifold (U, ρU ). Thus we have (ρU )∗([U ]) = α,
where [U ] ∈ H4(U) is the fundamental class of U .
Suppose that pi1(U) is generated by r(≥ 0) elements. Let V denote the 3–
dimensional handlebody of genus r. Take an embedding g : V ↪→ U such that
g∗ : pi1V → pi1U is surjective. Set ρV = ρUg : V → K(G, 1). Then we have a
(∂V, ρ∂V )–bordered 3–manifold (V, ρV , φV ) in an obvious way.
Let E denote the 4–manifold obtained from U by cutting along the 3–submanifold
g(V ). We regard E as a cobordism from V to itself. Let φE : V ∪∂V (−V )
∼=→ ∂E
be the boundary parameterization. Let ρE : E → K(G, 1) be the composite of ρU
with the canonical map E → U . Then we have a cobordism
E = (E, ρE , φE) : (V, ρV , φV )→ (V, ρV , φV ),
which represents an endomorphism E : V → V in the category C∂V . By construc-
tion, we have c(E) = [U, ρU ], hence
θ4(c(E)) = α.(5.1.2)
Take a handle decomposition of E
E ∼= CV ∪ (1–handles) ∪ (2–handles) ∪ (3–handles),(5.1.3)
where CV is the reduced cylinder of V . We will construct a new cobordism E
′ : V →
V cobordant to E over K(G, 1) such that E′ has a handle decomposition with only
2–handles, by handle-trading as follows.
Suppose that there is a 1–handle D3× [0, 1] in the handle decomposition (5.1.3).
Let γ = {0}× [0, 1] ⊂ D3× [0, 1] be the core of the 1–handle. Since g∗ is surjective,
it follows that there is a path γ′ in V × {1} ⊂ ∂CV such that ∂γ′ = ∂γ and the
union γ′′ := γ ∪ γ′ is null-homotopic in E. Surgery on E along γ′′ (with any
of the at most two possible framings) gives a 4–manifold Eγ′′ cobordant to E.
Since γ′′ is null-homotopic in E, the map ρE : E → K(G, 1) extends to a map
ρXE
γ′′
: XEγ′′ → K(G, 1), where
XEγ′′ = (CE × [0, 1]) ∪ (2–handle attached along γ′′ × {1})
is the cobordism between E and Eγ′′ associated with the surgery along γ
′′. Thus
(E, ρE) is bordant over K(G, 1) to Eγ′′ . The manifold Eγ′′ admits a handle de-
composition with the number of 1–handles less by 1 than (5.1.3). By induction, we
can trade all the 1–handles, and all the 3–handles by duality, to obtain a desired
cobordism (E′, ρE′ , φE′) between (V, ρV , φV ) to itself.
Since the cobordism E′ has only 2–handles, it follows that the cobordism E′ is
equivalent to the composite ChV ◦WVK , where K is a G–trivial framed link in V ,
and ChV is a mapping cylinder of a G–diffeomorphism hV : VK
∼=→ V . It follows
that
θ4(c(ChV ◦WVK )) = θ4(c(E′)) = θ4(c(E)) = α.

5.2. Moves on framed links associated to framed link realizations. As in
Section 4, let Σ = (Σ, ρΣ) be a G–surface and M = (M,ρM , φM ) a Σ–bordered
3–manifold. Set
N = ker((ρM )∗ : pi1M → G).
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A framed link in M is G–trivial if and only if it is an N–link.
Let R = ((V, ρV ),K, hV ) be a framed link realization of α ∈ H4(G), and let L
be an N–link L in M . Suppose that there is an orientation-preserving embedding
f : V ↪→M \L such that ρMf ' ρV : V → K(G, 1). Then the framed link L∪f(K)
in M is again an N–link. We say that L∪ f(K) is obtained from L by an R–move.
An R–move preserves the G–diffeomorphism class of results of surgery. Indeed,
there is a G–diffeomorphism
h : ML∪f(K)
∼=→ML
obtained by gluing hV : VK
∼=→ V and idM\int f(V ).
Proposition 5.2. In the above situation, we have
ηG(M,L ∪ f(K), L, h) = θ4(c(W−1L ◦ Ch ◦WL∪f(K))) = α ∈ H4(G).
Proof. Note that the cobordism WL∪f(K) : M →ML∪f(K) is a composition of two
cobordisms
M
WL−→ML
W
ML
f(K)−→ ML∪f(K),
where
WMLf(K) = CML ∪ (2–handles attached along f(K)× {1})
and we identify ML∪f(K) with (ML)f(K). Hence we have
θ4(c(W
−1
L ◦ Ch ◦WL∪f(K))) =θ4(c(W−1L ◦ Ch ◦WMLf(K) ◦WL))
=θ4(c(Ch ◦WMLf(K) ◦WL ◦W−1L )) by (4.6.1)
=θ4(c(Ch ◦WMLf(K)))
=θ4(c(FML\int f(V )(ChV ◦WVK )))
=θ4(c(ChV ◦WVK )) by Prop. 4.3
=α.

The following result follows immediately from Theorem 4.4 and Proposition 5.2.
Proposition 5.3. Let R and R′ be two framed link realizations of α ∈ H4(G). Let
L be an N–link in M . Suppose that we can obtain an N–link LR (resp. LR′) from
L by an R–move (resp. R′–move). Then LR and LR′ are δ(N)–equivalent.
5.3. M–applicable framed link realizations. A framed link realization R =
((V, ρV ),K, hV ) of α ∈ H4(G) is said to be M–applicable if we have
(ρV )∗(pi1V ) ⊂ (ρM )∗(pi1M).(5.3.1)
This condition is equivalent to that one can apply an R–move to one (and in fact
every) N–link L in M .
If (ρM )∗ is surjective, then every framed link realization of α is M–applicable.
Now we consider the condition for α ∈ H4(G) to be realized by an M–applicable
framed link realization. Set
GM := (ρM )∗(pi1M) ⊂ G,
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and let j : GM → G be the inclusion homomorphism. Let j∗ : H4(GM ) → H4(G)
be the induced homomorphism.
Proposition 5.4. Let α ∈ H4(G). Then there is an M–applicable framed link real-
ization R of α if and only if α ∈ j∗(H4(GM )). In particular, if (ρM )∗ is surjective,
then for every α ∈ H4(G) there is an M–applicable framed link realization of α.
Proof. Let R = ((V, ρV ),K, hV ) be an M–applicable framed link realization of α.
There is an orientation-preserving embedding f : V ↪→ M such that ρMf ' ρV .
By Proposition 5.2, we have
α = θ4(c(Ch ◦Wf(K))) ∈ j∗(H4(GM )),
where h = hV ∪ idM\int f(V ) : Mf(K)
∼=→ M , since the map Ch ◦Wf(K) → K(G, 1)
factors through K(GM , 1).
Conversely, suppose α ∈ j∗(H4(GM )). Let α˜ ∈ H4(GM ) be a lift of α along
j∗, i.e., we have j∗(α˜) = α. By Theorem 5.1, there is a framed link realization
R˜ = ((V, ρ˜V ),K, hV ) of α˜. Then R := ((V, ρV ),K, hV ) is a framed link realization
of α, where ρV = K(j, 1)ρ˜V . (Here K(j, 1) : K(GM , 1) → K(G, 1) is the map
induced by j.) Clearly, R is M–applicable. 
By Proposition 5.3, for each α ∈ j∗(H4(GM )) the notion of R–move up to δ(N)–
equivalence does not depend on the choice of R. We say that two N–links in M
are related by an α–move if they are related by an R–move for some M–applicable
framed link realization R of α.
5.4. Characterization of G–diffeomorphisms. Let {αi}i∈I be an indexed set
of generators of j∗(H4(GM )). Theorem 5.5 below characterizes G–diffeomorphism
of results of surgery along N–links in M .
Theorem 5.5. Let L and L′ be N–links in M . Then the following conditions are
equivalent.
(i) ML and ML′ are G–diffeomorphic.
(ii) L and L′ are related by a sequence of αi–moves for i ∈ I and δ(N)–
equivalence.
Proof. Clearly, (ii) implies (i). We prove the reverse implication.
By assumption, there is a G–diffeomorphism h : ML
∼=→ML′ . Set
αL,L′,h := θ4(c(W
−1
L′ ◦ Ch ◦WL)) ∈ j∗(H4(GM )).
Since {αi}i∈I generates j∗(H4(GM )), the element αL,L′,h can be expressed as a sum
of copies of ±αi, i ∈ I. Thus, by modifying the framed link L by the αi–moves, we
may assume αL˜,L′,h˜ = 0 for the framed link L˜ obtained from L by these moves and
an appropriate diffeomorphism h˜ : ML˜
∼=→ ML′ . Then, by Theorem 4.4, it follows
that L˜ and L′ are δ(N)–equivalent. 
We expect that there will be some applications of Theorem 5.5 to 3–dimensional
Homotopy Quantum Field Theory (HQFT) with target space K(G, 1) [22].
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(a) (b)
Figure 6. (a) Y2–clasper T . (b) Drawing of T .
(a) (b)
Figure 7. (a) The framed link LT = LT,1∪LT,2 associated to the
Y2–clasper T . (b) Another framed link L
adm
T associated to T .
6. IHX-moves
In this section, we define Y2–claspers in a 3–manifold, which are a special kind
of claspers introduced in [8, 9, 10] and used in the theory of finite type invariants of
links and 3–manifolds [2, 19]. To each clasper a framed link is associated on which
one can perform surgery. We define an IHX-move on the framed links associated to
the disjoint union of Y2–claspers. This move preserves the result of surgery up to
diffeomorphism. An IHX-move is closely related to the IHX-relation in the theory
of finite type invariants. This move is related to a handle decomposition of the
4–torus T 4.
6.1. Y2–claspers. Let M be a compact, connected, oriented 3–manifold. We define
Y2–claspers in M , which is a special kind of tree claspers.
A Y2–clasper in M is a subsurface embedded in the interior of M which is de-
composed into four annuli, two disks and five bands as depicted in Figure 6 (a).
We usually depict a Y2–clasper as a framed graph as in Figure 6 (b) using the
blackboard framing convention.
We associate to a Y2–clasper T in M a 2–component framed link LT in a small
regular neighborhood N(T ) of T in M as depicted in Figure 7 (a). Note that
the framed link LT is Z–null-homologous in N(T ), hence in M . Surgery along the
Y2–clasper T is defined to be surgery along the associated framed link LT .
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Figure 8. The framed link L′T .
T1
T2
T3
Figure 9. TIHX ⊂ V4
Figure 7 (b) shows another framed link LadmT associated to T , called the associ-
ated admissible framed link of T , which is used in Section 9.1.
Lemma 6.1. The framed links LadmT and LT in N(T ) are δ–equivalent.
Proof. By using one stabilization and two handle-slides, we obtain from LT the
framed link L′T depicted in Figure 8. Then, by handle-sliding the middle compo-
nent over the other two components in L′T , we obtain L
adm
T . 
6.2. IHX-claspers and IHX-links. Let γ = γ1 ∪ · · · ∪ γ4 be a trivial string link
in the cylinder D2 × [0, 1], i.e., γ is a proper 1–submanifold of D2 × [0, 1] of the
form (four points in intD2) × [0, 1]. Let N(γ) ⊂ D2 × [0, 1] be a small tubular
neighborhood of γ in D2 × [0, 1], and set
V4 = (D2 × [0, 1]) \N(γ).
Let TIHX = T1∪T2∪T3 ⊂ V4 be the disjoint union of three Y2–claspers T1, T2, T3
as depicted in Figure 9. We call TIHX the IHX-clasper.
Theorem 6.2. Surgery along TIHX preserves the manifold V4. More precisely,
There is a diffeomorphism
hV : (V4)TIHX
∼=→ V4(6.2.1)
restricting to id∂V4 . (Note that such a diffeomorphism is unique up to isotopy
relative to ∂V4.)
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(a) (b)
Figure 10. (a) The Y2–clasper T1 and the trivial string link γ.
(b) The pure braid β1.
move 10move 2
Figure 11. Moves 2 and 10 from [10]
(a) (b)
Figure 12. (a) T1 after move 2. (b) γ after surgery along T1.
Theorem 6.2 is closely related to the IHX relation in the theory of finite type
invariants. Similar results, with different configurations of Y2–claspers, have been
obtained in [9, 5].
To prove Theorem 6.2, we need the following.
Lemma 6.3. Let T1 ⊂ V4 be the first component of TIHX , see Figure 10 (a). By
surgery along T1, we obtain from γ a pure braid β1 := γT1 as depicted in Figure
10 (b). (Here string links are considered to be framed, and we use the blackboard
framing convention.)
Proof. By clasper calculus (see [10]) we can transform (γ, T1) into (β1, ∅) as follows.
We use the two clasper operations, which do not change the isotopy class of the
result of surgery, depicted in Figure 11. First, apply move 2 to the clasper T1 as
shown in Figure 12 (a). Then, apply move 10 twice to obtain Figure 12 (b), which
is isotopic to β1. 
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α α−1
Figure 13. Braids α and α−1
Proof of Theorem 6.2. First, we see that the pairs (γ, T2) and (γ, T3) are conjugate
with (γ, T1) as follows. Let α
±1 be the braids depicted in Figure 13. Then we
have
(γ, T2) ∼= α2(γ, T1)α−2,
(γ, T3) ∼= α(γ, T1)α−1.
Here the composition ββ′ of two tangles β and β′ possibly with claspers is obtained
by stacking β on the top of β′.
Then, the result γT2 from γ by surgery along T2 is the conjugate
γT2
∼= α2γT1α−2 ∼= α2β1α−2 =: β′2,
where we used γT1
∼= β1 (Lemma 6.3). Similarly, we have
γT3
∼= αγT1α−1 ∼= αβ1α−1 =: β′3.
These are pure braids depicted below:
β′2
α
α
β1
α−1
α−1
β′3
α
β1
α−1
.
By isotopy we obtain the braids β2 and β3
β2 β3
Now, one can check that the composition β1β2β3 is isotopic to the trivial string
link γ. Thus, surgery along TIHX preserves V4. 
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Remark 6.4. Theorem 6.2 may be regarded as a topological version of the Witt-Hall
identity
[z, [y−1, x]]y
−1 · [y, [x−1, z]]x−1 · [x, [z−1, y]]z−1 = 1
in the free group 〈x, y, z〉 inside the 4-strand pure braid group, where x, y, z are
defined by
x y z
and [x, y] = xyx−1y−1 is the commutator.
6.3. IHX-moves. Let L be a framed link in a 3–manifold M . Let f : V4 ↪→M \L
be an orientation-preserving embedding. Then the framed links L and L∪f(LIHX)
are said to be related by an IHX-move.
An IHX-move preserves the result of surgery. More precisely, there is a diffeo-
morphism
h : Mf(LIHX) →M
restricting to idM\int f(V ), which is unique up to isotopy through such diffeomor-
phisms. Indeed, the diffeomorphism h is obtained by gluing the composite
f(V )f(LIHX)
∼= VLIHX hV−→∼= V
∼= f(V )
and idM\int f(V ).
Note that if L′ is obtained from a Z-(resp. Q-)null-homologous framed link L by
an IHX-move, then L′ is again Z-(resp. Q-)null-homologous.
7. A handle decomposition of T 4
In this section, we construct a new handle decomposition of the 4–torus T 4
involving the IHX-link.
Consider the framed link with dotted circles obtained from the IHX-link LIHX ⊂
V4 ⊂ D2 × [0, 1] as follows. We embed D2 × [0, 1] into S3, close the trivial string
link γ in a natural way to obtain an unlink J = J1∪ · · ·∪J4, and put a dot on each
component of J . Here, each Y2–clasper Ti of TIHX = T1 ∪ T2 ∪ T3 is regarded as
its associated framed link which we denote by Ki ∪K ′i. The framed link
(J1 ∪ · · · ∪ J4) ∪ (K1 ∪K ′1 ∪K2 ∪K ′2 ∪K3 ∪K ′3) ⊂ S3
gives a handlebody W (2) consisting of one 0–handle W (0) = B4, four 1–handles
B1, . . . , B4 corresponding to J1, . . . , J4, and six 2–handles H1, H
′
1, H2, H
′
2, H3, H
′
3
corresponding to K1,K
′
1,K2,K
′
2,K3,K
′
3. We set
W (1) = W (0) ∪B1 ∪B2 ∪B3 ∪B4,
W (2) = W (1) ∪H1 ∪H ′1 ∪H2 ∪H ′2 ∪H3 ∪H ′3.
Since surgery along K1∪K ′1∪K2∪K ′2∪K3∪K ′3 preserves the result of surgery,
we have
∂W (2) ∼= ∂W (1) ∼= ]4(S2 × S1).
Hence we can attach four 3–handles and one 4–handle to obtain an oriented, closed
4–manifold W .
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Figure 14. Handle decomposition for the 4–manifold W . Here,
each Y2–clasper represents the associated 2–component framed
link.
Theorem 7.1. The 4–manifold W is diffeomorphic to the 4–torus T 4. Thus the
framed link obtained from Figure 14 by replacing Y2–claspers with the associated
framed link presents a handle decomposition of T 4.
Proof. We start from the following handle decomposition of T 4 obtained by Akbulut
in [1, Figure 4.5].
k1 k
′
1
k3
k′3
k′2
k2
We perform a sequence of handle-slides on the six 2–handles, i.e., on the link
k = k1 ∪ k′1 ∪ k2 ∪ k′2 ∪ k3 ∪ k′3.
Slide k′1 twice over k
′
3 as follows.
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Slide k1 twice over k3 as follows.
Slide k3 twice over k2 as follows.
Slide k′2 twice over k
′
1 as follows.
After isotopy, we obtain the following.
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By isotopy, the three 2–component links can be separated as follows.
The following shows the result after rearranging the dotted circles.
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In clasper calculus this corresponds to the following.
Now, scale down the outermost dotted circle by isotopy passing under the second
one until it becomes the second circle. This yields Figure 14. 
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8. Kirby calculus for Q–null-homologous framed links
Let M be a compact, connected, oriented 3–manifold, and let P = {p1, . . . , pt} ⊂
∂M be as in Section 2. In this section, we consider the case where
N = ker(pi1M → H1(M,Q)).
The quotient
G = pi1M/N ∼= H1M/(torsion)
is a free abelian group. We fix an identification
G = Zr,
where r = rankH1M .
8.1. The homology group H4(Zr). In the following, we often identify H1(G) =
H1(Zr) with G = Zr.
As is well known, the Pontryagin product (see e.g. [15])
H1(Zr)⊗H1(Zr)⊗H1(Zr)⊗H1(Zr) −→ H4(Zr)
induces an isomorphism
p :
4∧
H1(Zr)
∼=→ H4(Zr).(8.1.1)
Define y1, . . . , y4 ∈ H1T 4 by
y1 = [S
1 × pt× pt× pt], . . . , y4 = [pt× pt× pt× S1].
Then y1, . . . , y4 generate H1T
4 ∼= Z4. We have
p(y1 ∧ · · · ∧ y4) = [T 4],(8.1.2)
where [T 4] ∈ H4T 4 is the fundamental class.
The following lemma follows from the definition of the Pontryagin product.
Lemma 8.1. Let ρT 4 : T
4 → K(Zr, 1) be a map. Then we have
(ρT 4)∗([T 4]) = p((ρT 4)∗(y1) ∧ · · · ∧ (ρT 4)∗(y4)) ∈ H4(Zr).
Proof. We have
(ρT 4)∗([T 4]) = (ρT 4)∗(p(y1 ∧ · · · ∧ y4)) by (8.1.2)
= p((ρT 4)∗(y1) ∧ · · · ∧ (ρT 4)∗(y4)) by naturality of p.
Here we used the fact that ρT 4 : T
4 → K(Zr, 1) = T r is homotopic to a Lie group
homomorphism. 
8.2. Effect of an IHX-move in H4(Zr). As in Section 6, let V = V4 be a han-
dlebody of genus 4 obtained from the cylinder D2× [0, 1] by removing the interiors
of the tubular neighborhood of a trivial 4–component string link γ = γ1 ∪ · · · ∪ γ4.
For i = 1, . . . , 4, let xi ∈ H1V be the meridian to γi.
Suppose that we are given a Zr–manifold (M,ρM ) such that (ρM )∗ : pi1M → Zr
is surjective.
Let y1, . . . , y4 ∈ H1M . Let f : V ↪→M be an orientation-preserving embedding
such that f∗(xi) = yi, i = 1, . . . , 4.
Set ρV = ρMf : V → K(Zr, 1). Then (V, ρV ) is a Zr–manifold.
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Recall that LIHX denotes the IHX-link in V . Set L = f(LIHX), which is a Z–
null-homologous framed link in M . The diffeomorphism hV : VLIHX
∼=→ V naturally
extends to a diffeomorphism
h = hV ∪ idM\int f(V ) : ML
∼=→M.
The following result describes the effect of an IHX-move on the homology class
in H4(Zr).
Proposition 8.2. In the above situation, we have
θ4(c(Ch ◦WL)) = ±p(y1 ∧ · · · ∧ y4) ∈ H4(Zr).(8.2.1)
Proof. Let Y = V ∪∂ (−V ) ∼= ]4(S2×S1) be the double of V , and let i : V ↪→ Y be
the inclusion. The diffeomorphism hV : VL
∼=→ V extends to hY = h ∪ id−V : YL
∼=→
Y . Set ρY = ρV ∪ ρ−V : Y → K(Zr, 1), where ρ−V : − V → K(Zr, 1) is the same
as ρV .
By using Proposition 4.3 twice for inclusions M ⊃ V ⊂ Y , we have
θ4(c(Ch ◦WML )) = θ4(c(ChV ◦WVL )) = θ4(c(ChY ◦WYL ))
in H4(Zr).
In the following, we will show that the closed 4–manifold c(ChY ◦WYL ) is cobor-
dant to W ∼= T 4 over K(Zr, 1), where W is defined in Section 7.
Consider the cylinder CY := Y × [0, 1] and define a map ρCY : CY → K(Zr, 1)
as the composite
CY
proj−→Y ρY−→K(Zr, 1).
The 3–manifold Y is naturally identified with the boundary of the 4–dimensional
handlebody
Z := B4 ∪ (four 1–handles).
We regard Z as a cobordism Z : ∅ → Y (over K(Zr, 1)) from the empty 3–manifold
∅ to Y . The orientation-reversal −Z of Z is regarded as a cobordism −Z : Y → ∅.
Then the cobordism CY : Y → Y is cobordant over K(Zr, 1) to Z ◦ (−Z) : Y → Y .
Then we have
θ4(c(ChY ◦WYL )) =θ4(c(ChY ◦WYL ◦ CY ))
=θ4(c(ChY ◦WYL ◦ Z ◦ (−Z)))
=θ4(c((−Z) ◦ ChY ◦WYL ◦ Z))
=θ4(W,ρW ).
The last identity follows from natural diffeomorphism of closed 4–manifolds
g : (−Z) ◦ ChY ◦WYL ◦ Z
∼=→W,
The map ρW : W → K(Zr, 1) is the one which extends ρY : Y → K(Zr, 1).
By Theorem 7.1, we have a diffeomorphism
g′ : W
∼=→ T 4.
Define ρT 4 : T
4 → K(Zr, 1) as the composite
T 4
(g′)−1∗−→∼= W
ρW−→K(Zr, 1).
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Clearly, we have
θ4(W,ρW ) = θ4(T
4, ρT 4).
Let j : Y ↪→W be the inclusion map. By construction, we see that (g′gji)∗(xi) ∈
H1T
4, i = 1, . . . , 4, are a set of generators of H1T
4 ∼= Z4. Hence we have
θ4(T
4, ρT 4) = ±p((ρT 4g′gji)∗(x1) ∧ · · · ∧ (ρT 4g′gji)∗(x4))
= ±p((ρV )∗(x1) ∧ · · · ∧ (ρV )∗(x4))
= ±p(y1 ∧ · · · ∧ y4).
The identity (8.2.1) follows from the above identities. 
Theorem 8.3. Let M be a compact, connected, oriented 3–manifold with non-
empty boundary. Let N be a normal subgroup of pi1M such that pi1M/N ∼= Zr with
r ≥ 0. (Here r may or may not be equal to the rank of H1M .) Let L and L′ be two
N–links. Then the following conditions are equivalent.
(i) (ML, ρML , φML) and (ML′ , ρML′ , φML′ ) are Z
r–diffeomorphic.
(ii) L and L′ are related by a sequence of IHX-moves and δ(N)–equivalence.
Proof. The result follows from Theorem 5.5 and Proposition 8.2 since the set
{p(z1 ∧ · · · ∧ z4) ∈ H4(Zr) | z1, . . . , z4 ∈ H1M}
generates the group H4(Zr). 
Remark 8.4. If r ≤ 3, then we do not need IHX-moves in Theorem 8.3 since
H4(Zr) = 0.
8.3. Proof of Theorem 1.1 for M with non-empty boundary. Here we con-
sider a special case of Theorem 8.3, where N is the kernel of the map pi1M →
H1M → H1(M ;Q).
In the present situation, a framed link L in M is an N–link if and only if it is
a Q–null-homologous framed link as defined in Section 1. An N–move is the same
as a Q–null-homologous K3–move.
The following result includes Theorem 1.1 for M with non-empty boundary.
Theorem 8.5. Let M be a compact, connected, oriented 3–manifold with non-
empty boundary with rankH1M = r ≥ 0, which we regard as a (∂M, ρ∂M )–bordered
Zr–manifold (M,ρM , φM ). Let L and L′ be Q–null-homologous framed links in M .
Then the following conditions are equivalent.
(i) (ML, ρML , φML) and (ML′ , ρML′ , φML′ ) are Z
r–diffeomorphic.
(ii) L and L′ are related by a sequence of stabilizations, handle-slides, Q–null-
homologous K3–moves and IHX-moves.
(iii) There is a diffeomorphism h : ML
∼=→ML′ restricting to the identification
map ∂ML ∼= ∂ML′ such that the following diagram commutes
H1(ML, PL;Q)
h∗
∼=
//
gL ((
H1(ML′ , PL′ ;Q)
g′Lvv
H1(M,P ;Q).
(8.3.1)
See Section 1 for the definition of gL, gL′ .
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Proof. By Theorem 8.3, Conditions (i) and (ii) are equivalent.
By Proposition 4.1 we see that Condition (i) is equivalent to:
(iii’) There is a diffeomorphism h : ML
∼=→ ML′ restricting to ∂ML ∼= ∂ML′
such that the following groupoid diagram commutes:
Π(ML, PL)
h∗
∼=
//
qL ''
Π(ML′ , PL′)
qL′ww
Π(M,P )/N
(8.3.2)
where N = ker(pi1M → H1(M ;Q)), and qL, qL′ are as defined in (3.1.2).
Then one easily checks that Conditions (iii) and (iii’) are equivalent. 
Remark 8.6. By Remark 8.4 we do not need the IHX-moves in Theorem 8.5 when
r = rankH1M < 4. In fact, the case r < 4 of Theorem 8.5 with IHX-moves omitted
can be proved using [13, Theorem 2.2], since H4(Zr) = 0.
8.4. Proof of Theorem 1.1 for a closed 3–manifold M . In the situation of
Theorem 1.1, suppose that M is a closed oriented 3–manifold. Let M0 = M \ intB3
be the 3–manifold obtained from M by removing the interior of a 3–ball in M . We
have ∂M0 = S
2.
Let L and L′ be Q–null-homologous framed links in M0 ⊂M .
It is clear that condition (i) in Theorem 1.1 for L,L′ ⊂M and that for L,L′ ⊂M0
are equivalent.
It is also easy to see that condition (ii) in Theorem 1.1 for L,L′ ⊂ M and that
for L,L′ ⊂ M0 are equivalent. Here note that H1(M0, {p};Q) (p ∈ ∂M0) and
H1(M, ∅;Q) are naturally isomorphic.
Therefore, Theorem 1.1 for M0 implies Theorem 1.1 for M .
9. Admissible framed links in 3–manifolds with free abelian first
homology group
As mentioned in the introduction, an admissible framed link L in a 3–manifold
M is a Z–null-homologous framed link such that the linking matrix of L is diagonal
of diagonal entries ±1. Surgery along an admissible framed link is called admissible
surgery. As observed by Cochran, Gerges and Orr [3], admissible surgery preserves
the first homology group, and moreover the torsion linking pairing and the co-
homology rings with arbitrary coefficients. Using these algebraic invariants, they
gave a characterization of the equivalence relation on closed oriented 3–manifolds
generated by admissible surgeries.
In this section, we prove Theorem 1.4, which may be regarded as Kirby type
calculus for admissible framed links. In order to prove Theorem 1.4, we apply the
results for admissible framed links in S3 developed in [11] to admissible framed
links in more general 3–manifolds.
9.1. Admissible IHX-moves. The definition of an admissible IHX-move on a
framed link is the same as that of an IHX-move except that we use LadmIHX instead
of LIHX . If an admissible IHX-move is applied to an admissible framed link, then
the result is again admissible.
The following lemma immediately follows from Lemma 6.1.
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Proposition 9.1. An IHX-move and an admissible IHX-move are equivalent un-
der δ–equivalence. More precisely, an IHX-move can be realized by a sequence of an
admissible IHX-move and finitely many stabilizations and handle-slides, and con-
versely an admissible IHX-move can be realized by a sequence of an IHX-move and
finitely many stabilizations and handle-slides.
9.2. Reduction of Theorem 1.4. By Theorem 1.2, we see that Theorem 1.4
follows from the following result.
Proposition 9.2. Let L and L′ be two admissible framed links in a compact, con-
nected, oriented 3–manifold M . Then the following conditions are equivalent.
(i) L and L′ are related by a sequence of stabilizations, band-slides, pair-
moves, admissible IHX-moves, and lantern-moves.
(ii) L and L′ are related by a sequence of stabilizations, handle-slides, Z–null-
homologous K3–moves and IHX-moves.
Proof of Proposition 9.2, (i) implies (ii). We have seen that stabilizations, band-
slides, pair-moves, admissible IHX-moves are realized by a sequence of stabiliza-
tions, handle-slides, Z–null-homologous K3–moves and IHX-moves.
We will show that a lantern-move is realized by a sequence of stabilizations,
handle-slides and Z–null-homologous K3–moves. Let K and K ′ be the two framed
links in V3 depicted in Figure 5(a) and (b). Figure 15 shows a sequence of sta-
bilizations, handle-slides and Z–null-homologous K3–moves from K to a framed
link K˜. Similarly, Figure 16 shows a sequence of stabilizations, handle-slides and
Z–null-homologous K3–moves from K ′ to a framed link K˜ ′. The links K˜ and
K˜ ′ are isotopic. Thus, there exists a sequence of stabilizations, handle-slides and
Z–null-homologous K3–moves from K to K ′. 
+1 +1 +1
+1
+1 +1 +1
+1
0 0 0
0
0
0
0 0 0
0
0
0
+1+1 +1
+1 00 0
−2
−2
−2
K =
= K˜
Z–null-homologous
K3-moves
handle-slides
stabilization &
handle-slides
Figure 15. From K to K˜.
In the rest of this section, we prove that (ii) implies (i).
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+1
+1
+1
0 0 0
0
0
0
0 0 0
0
0
0
00 0
−2
−2
−2
K ′ =
= K˜ ′
Z–null-homologous
K3-moves
handle-slides
stabilization &
handle-slides
+1
+1
+1
+1
+1
+1
Figure 16. From K ′ to K˜ ′.
9.3. The category SM,n. In the proof that (ii) implies (i) in Proposition 9.2, we
use oriented, ordered framed links. We briefly recall some definitions and results
from [11].
An oriented, ordered framed link in a 3–manifold M is a framed link L = L1 ∪
· · ·∪Ln in M such that each component Li of L is given an orientation, and the set
of components of L is given a total ordering. Two oriented, ordered framed links
are considered equivalent if there is an ambient isotopy between them preserving
the orientations and the orderings.
Following [11], let LM,n, n ≥ 0, denote the set of equivalence classes of oriented,
ordered n–component framed links in M . Let E = En denote the set of symbols
• Pi,j for i, j ∈ {1, . . . , n}, i 6= j,
• Qi for i ∈ {1, . . . , n},
• Wi,j for i, j ∈ {1, . . . , n}, i 6= j,  = ±1.
For e ∈ E , define an e–move on L = L1 ∪ · · · ∪ Ln ∈ LM,n as follows.
• A Pi,j–move on L exchanges the order of Li and Lj .
• A Qi–move on L reverses the orientation of Li.
• A Wi,j–move on L is a handle-slide of Li over Lj , see Figure 17.
For L,L′ ∈ LM,n and e ∈ LM,n, we mean by L e−→L′ that L′ is obtained from L by
an e–move. These moves are called the elementary moves.
Let SM,n denote the category such that the objects are the elements of LM,n
and the morphisms from L ∈ LM,n to L′ ∈ LM,n are the sequences of elementary
moves
S : L = L0
e1−→L1 e2−→· · · ep−→Lp,
p ≥ 0. The composition of two sequences in SM,n is given by concatenation of
sequences, and the identity 1L of L ∈ LM,n is the sequence of length 0.
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Li
Li
Lj
Lj
L′i
L′i
Lj
Lj
W+1i,j
W−1i,j
(a)
(b)
Figure 17. (a) A W+1i,j –move. (b) A W−1i,j –move
9.4. The functor ϕ : SM,n → GL(n;Z). There is a functor
ϕ : SM,n → GL(n;Z)
from SM,n to GL(n;Z), where the group GL(n;Z) of invertible n×n matrices with
entries in Z is regarded as a groupoid with one object ∗, such that
ϕ(L
Pi,j−→L′) = Pi,j := In − Ei,i − Ej,j + Ei,j + Ej,i,
ϕ(L
Qi−→L′) = Qi := In − 2Ei,i,
ϕ(L
Wi,j−→L′) = W i,j := In + Ei,j ,
where Ei,j = (δk,iδl,j)k,l.
Lemma 9.3 ([11, Lemma 2.2]). If L,L′ ∈ LM,n are Z–null-homologous framed
links and if S : L→ L′ is a morphism in SM,n, then we have the following identity
for the linking matrices
Lk(L′) = ϕ(S)(Lk(L′))ϕ(S)t,
where (−)t denotes transpose.
Theorem 9.4 ([11, Theorem 2.1]). If a morphism S : L → L′ in SM,n satisfies
ϕ(S) = In, then L and L
′ are related by a sequence of band-slides.
Note that a band-slide of an oriented, ordered framed link may be regarded as
a morphism in SM,n of the form L
W+1i,jW−1i,j−→ L′.
9.5. Reverse sequences. If
S : L = L0
e1−→L1 e2−→· · · ek−→Lk = L′
is a sequence in SM,n, then there is the reverse sequence
S¯ : L′ = Lk e¯k−→· · · e¯2−→L1 e¯1−→L1 = L,
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where, for e ∈ E , we define e¯ ∈ E by
P¯i,j = Pi,j , Q¯i = Qi, (W¯i,j) =W−i,j .
We have
ϕ(S¯) = ϕ(S)−1.
9.6. Admissible framed links. An oriented, ordered admissible framed link in M
of type (p, q), p, q ≥ 0, is an oriented, ordered, Z–null-homologous framed link
L = L1 ∪ · · · ∪ Lp ∪ Lp+1 ∪ · · · ∪ Lp+q ⊂M
such that the linking matrix Lk(L) of L satisfies
Lk(L) = Ip,q := Ip ⊕ (−Iq),
where Ip denotes the identity matrix of size p, and ⊕ denotes block sum.
For p, q ≥ 0, let LadmM ;p,q denote the subset of LM,p+q consisting of the equivalence
classes of oriented, ordered admissible framed links in M of type (p, q). Let SadmM ;p,q
denote the full subcategory of SM,p+q such that Ob(SadmM ;p,q) = LadmM ;p,q.
Let L,L′ ∈ LadmM ;p,q, and suppose that there is a morphism S : L→ L′ in SM,p+q,
i.e., a sequence of elementary moves from L to L′. By Lemma 9.3, it follows that
Ip,q = ϕ(S)Ip,qϕ(S)
t,(9.6.1)
hence
ϕ(S) ∈ O(p, q;Z) := {T ∈ GL(p+ q;Z) | TIp,qT t = Ip,q}.
We use the following result.
Lemma 9.5 (Wall [23, 1.8]). If p, q ≥ 2, then O(p, q;Z) is generated by the matrices
Pi,j for i, j ∈ {1, . . . , p}, i 6= j,
Pi,j for i, j ∈ {p+ 1, . . . , p+ q}, i 6= j,
Qi for i ∈ {1, . . . , p+ q},
Dp,q =

1 1 0 −1 0 0
−1 1 0 0 1 0
0 0 Ip−2 0 0 0
−1 0 0 1 1 0
0 1 0 −1 1 0
0 0 0 0 0 Iq−2
 .
(9.6.2)
9.7. D±1–moves. We consider a sequence of elementary moves on oriented, or-
dered admissible framed links whose associated matrix is Dp,q. The matrix
D2,2 =

−1 1 −1 0
−1 1 0 1
−1 0 1 1
0 1 −1 1
 ∈ O(2, 2;Z)
is a product of the W±1i,j matrices as
D2,2 = W
−1
2,1W
−1
3,1W2,4W3,4W
−1
4,3W
−1
1,3W4,2W1,2.
Consider the 4–component framed links l, l′, l˜ ∈ LV4,4 in the handlebody V4 of
genus 4 depicted in Figure 18. The handlebody V4 is realized as the complement
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l′1
l′4
−1−1
+1 +1
W−143 W−113 W42W12
W−134 W−124 W31W21
l4
l1
l3 l2
l =
l′ =
l˜ =
l˜1 l˜4 l˜3 l˜2
Figure 18.
of the trivial 4–component string link in the cylinder D2× [0, 1]. By applyingW1,2,
W4,2, W−11,3 , W−14,3 moves to l, we obtain l˜. Similarly, by applying W2,1, W3,1, W−12,4 ,
W−13,4 moves to l′, we obtain l˜. Thus we have a sequence D2,2 from l to l′ such that
ϕ(D2,2) = D2,2.
Let L ∈ LadmM ;p,q with p, q ≥ 2. Then we can find an orientation-preserving
embedding
f : V4 ↪→M
such that f(l) = L1 ∪ L2 ∪ Lp+1 ∪ Lp+2 as follows.
By adding three edges c1,j , j = 1, 2, 3, to l in an appropriate way, we obtain a
1–subcomplex X = l ∪ c1,2 ∪ c1,3 ∪ c1,4 of V4, which is a strong deformation retract
of V4. Take an embedding fX : X ↪→M such that fX(l) = L1 ∪ L2 ∪ Lp+1 ∪ Lp+2.
Then fX extends to an embedding f : V4 ↪→M with the desired property.
Set L′ = L′1 ∪ · · · ∪ L′p+q, where
L′1 = f(l
′
1), L
′
2 = f(l
′
2), L
′
p+1 = f(l
′
3), L
′
p+2 = f(l
′
4),
L′i = Li for i ∈ {1, . . . , p+ q} \ {1, 2, p+ 1, p+ 2}.
Then there is a sequence D : L → L′, corresponding to the sequence D2,2, such
that ϕ(D) = Dp,q. Similarly, given L ∈ LadmM ;p,q, there is a sequence D−1 : L → L′
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such that ϕ(D−1) = D−1p,q . In these situations, L and L′ are said to be related by a
D±1–move.
Now, we can prove the following.
Proposition 9.6. Let L,L′ ∈ LadmM ;p,q with p, q ≥ 2. Suppose that there is a mor-
phism S : L → L′ in SM,p+q, i.e., a sequence of elementary moves from L to L′.
Then L and L′ are related by a sequence of
• band-slides,
• Pi,j–moves for i, j ∈ {1, . . . , p}, i 6= j and for i, j ∈ {p+1, . . . , p+q}, i 6= j,
• Qi–moves for i ∈ {1, . . . , p+ q},
• D±1–moves.
Proof. Express ϕ(S) ∈ O(p, q;Z) as
ϕ(S) = xk · · ·x2x1, k ≥ 0,
where each xi is one of the generators given in (9.6.2) or its inverse. We can
construct a sequence
T : L = L0
x1−→L1 x2−→· · · xk−→Lk = L′′
such that L0, . . . , Lk ∈ LadmM ;p,q, and for each m = 1, . . . , k, Lm is obtained from
Lm−1 by either a Pi,j–move, a Qi–move or a D±1–move corresponding to xm. We
may regard T as a sequence from L to L′′ of elementary moves, i.e., a morphism
from L to L′′ in SM,p+q, by replacing each D±1 move in T with the corresponding
sequence of eight W±1i,j –moves. Thus, L and L′′ are related by a sequence of moves
listed in the proposition (without band-slides).
Now, since the composite sequence T S¯ : L′ → L′′ satisfies
ϕ(T S¯) = ϕ(T )ϕ(S)−1 = Ip+q,
it follows from Theorem 9.4 that there is a sequence of band-slides from L′ to L′′.
Hence it follows that there is a sequence from L to L′ of moves listed in the
proposition. 
9.8. Proof of Proposition 9.2, (ii) implies (i). Throughout this section, M is
a compact, connected, oriented 3–manifold such that H1M ∼= Zr is free abelian.
Let L and L′ be two admissible framed links in M . Let
S : L = L0 → L1 → · · · → Lk = L′(9.8.1)
be a sequence of Z–null-homologous framed links between L and L′ such that, for
each i = 1, . . . , k, Li is obtained from Li−1 by either stabilization, handle-slide,
Z–null-homologous K3–move or IHX-move.
9.8.1. Eliminating IHX-moves. Note that, for each i = 1, . . . , k, there is a diffeo-
morphism hi : MLi−1
∼=→ MLi which restricts to the identity outside a handlebody
in MLi−1 supporting the relevant move. Let hS : ML
∼=→ML′ be the diffeomorphism
obtained by composing the diffeomorphism h1, . . . , hk.
Set
η(S) := θ4(c((W
M
L′ )
−1 ◦ ChS ◦WML )) ∈ H4(H1M).
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SinceH1M ∼= Zr, the homology groupH4(H1M) ∼=
∧4
H1M is finitely generated
by elements of the form p(x1 ∧ · · · ∧ x4) with x1, . . . , x4 ∈ H1M . Hence, using
Proposition 8.2, we can construct a sequence T of admissible IHX-moves
T : L′ = K0 → K1 → · · · → Km = L′′
from L′ to an admissible framed link L′′ such that
• η(T ) = −η(S),
• there are orientation-preserving embeddings f1, . . . , fm : V4 ↪→ M \ L′
with mutually disjoint images satisfying
Ki = L′ ∪ f1(LadmIHX) ∪ · · · ∪ fi(LadmIHX)
for i = 0, . . . ,m.
Then
η(TS) = θ4(c((W
M
L′′)
−1 ◦ ChTS ◦WML ))
= θ4(c((W
M
L′′)
−1 ◦ ChT ◦ ChS ◦WML ))
= θ4(c((W
M
L′′)
−1 ◦ ChT ◦WML′ ◦ (WML′ )−1 ◦ ChS ◦WML ))
= θ4(c((W
M
L′′)
−1 ◦ ChT ◦WML′ )) + θ4(c((WML′ )−1 ◦ ChS ◦WML ))
= η(T ) + η(S) = 0,
where hTS : ML → ML′′ is the diffeomorphism associated to the composite se-
quence TS : L → L′′. Then, by Theorem 3.3 with N = [pi1M,pi1M ], it fol-
lows that L and L′′ are related by a sequence of stabilizations, handle-slides, and
K3([pi1M,pi1M ])–moves, i.e., Z–null-homologous K3–moves.
Thus, we may assume without loss of generality that there are no IHX-moves in
the sequence S.
9.8.2. Eliminating Z–null-homologous K3–moves. Unlike in the other part of this
section, here, let us distinguish ambient isotopic framed links. We have a sequence S
in (9.8.1) of stabilizations, handle-slides, Z–null-homologousK3–moves and ambient
isotopies. By modifying this sequence using ambient isotopy if necessary, we may
assume that there is a handlebody V in the interior of M satisfying the following
conditions.
• All the framed links involved in S are contained in V .
• For each i = 1, . . . , k, Li is obtained from Li−1 by either a stabilization, a
handle-slide, a Z–null-homologous K3–move or an ambient isotopy in M .
(Here and below, a “Z–null-homologous K3–move” involves framed links
that are Z–null-homologous in M , but not necessarily so in V .)
Indeed, if we take a handle decomposition of M based on the cylinder ∂M × [0, 1]
M = (∂M × [0, 1]) ∪ (1–handles) ∪ (a handlebody V ),
then any framed link in M can be isotoped into V . Moreover, we can isotope
into V the handlebodies in which each of the stabilizations, handle-slide, Z–null-
homologous K3–move takes place.
The inclusion M \V ⊂M induces surjective homomorphisms pi1(M \V )  pi1M ,
and [pi1(M \ V ), pi1(M \ V )]  [pi1M,pi1M ].
Since pi1M is finitely generated, the commutator subgroup [pi1M,pi1M ] is gener-
ated by the conjugates in pi1M of finitely many elements x1, . . . , xt ∈ [pi1M,pi1M ],
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t ≥ 0. Let x˜j ∈ [pi1(M \ V ), pi1(M \ V )] be a lift of xj . We can find an admissible
framed link
K = K+1 ∪K−1 ∪ · · · ∪K+t ∪K−t
in M \ V satisfying the following conditions.
(1) The (free) homotopy classes of K+j and K
−
j are x˜j .
(2) There are t mutually disjoint annuli A1, . . . , At in M \V such that ∂Aj =
K+j ∪K−j ,
(3) The framing of K±j is ±1.
Set L˜ = L∪K, L˜′ = L′ ∪K and L˜i = Li ∪K, i = 0, . . . , k. Then L˜ (resp. L˜′) is
obtained from L (resp. L′) by t pair-moves. Thus, it suffices to show that for each
i = 1, . . . , k, L˜i−1 and L˜i are related by a sequence of stabilizations, handle-slides
and ambient isotopies in M . We may safely assume that k = 1.
If L(= L0) and L′(= L1) are related by either a stabilization or a handle-slide
in V , then clearly L˜ and L˜′ are related by a stabilization or a handle-slide.
If L and L′ are related by a Z–null-homologous K3–move in V , then let us
assume that L′ = L ∪ J ∪ J ′ is obtained from L′ by adding a Z–null-homologous
component J and a small 0–framed meridian J ′ of J . (Of course, the case of Z–
null-homologous K3–move in the other direction is similar.) Since the homotopy
classes of the K±j generate [pi1M,pi1M ] normally in pi1M , it follows that we can
handle-slide J over the K±j finitely many times to make J null-homotopic in M .
Then there is a sequence from J to an unknot of crossing changes of J with any
components of the framed link other than J ′. Such crossing changes can be realized
by handle-slides of link components over J ′. Thus we may assume that J ∪ J ′ is a
Hopf link such that J ′ is of framing 0 or +1. It is well known that J ∪ J ′ is related
to the empty link by a sequence of stabilizations and handle-slides. Hence, L and
L′ are related by a sequence of stabilizations and handle-slides in M .
If L and L′ are ambient isotopic in M , then they are related by a sequence of
• ambient isotopies in M \ (A1 ∪ · · · ∪At),
• crossing changes of a component with some Aj .
We may assume without loss of generality that L and L′ are related by one of these
moves. If L and L′ are ambient isotopic in M \ (A1 ∪ · · · ∪At), then L˜ and L˜′ are
ambient isotopic in M . If L and L′ are related by a crossing change of a component
Lc of L with Aj , then L˜ and L˜
′ are related by two handle-slides. (Here, we first
slide Lc over K
+
j , and then we slide it over K
−
j .)
9.8.3. Eliminating stabilizations. Now, L and L′ are related by a sequence S in
(9.8.1) of stabilizations and handle-slides.
It is well known that we can exchange the order of consecutive stabilizations and
handle-slides to obtain a new sequence
S′ : L→ · · · → L˜→ · · · → L˜′ → · · · → L′,
where L˜ is obtained from L by adding isolated ±1–framed unknots by stabilizations,
and L˜′ is obtained from L˜ by a sequence of handle-slides, and L′ is obtained from
L˜′ by removing isolated ±1–framed unknots by stabilizations. Note that L˜ and L˜′
are admissible.
We may assume that L˜ (and hence L˜′) is admissible of type (p, q) with p, q ≥ 2,
since otherwise we can add the number of components by using stabilizations.
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Thus, we have only to consider the sequence L˜ → · · · → L˜′ of handle-slides,
where L˜ and L˜′ are admissible of type (p, q) with p, q ≥ 2.
9.8.4. Reduction to D±1–moves. Suppose that L and L′ are related by a sequence
of handle-slides and that L and L′ are admissible of type (p, q) with p, q ≥ 2.
We fix an orientation and ordering of L and L′. Then L and L′ are, as oriented,
ordered framed links, related by elementary moves as defined in Section 9.3. Then
by Proposition 9.6 it follows that L and L′ are related by a sequence of moves listed
in Proposition 9.6. Hence L and L′, as non-ordered, non-oriented framed links, are
related by a sequence of band-slides and D±1–moves, where each D±1–move can be
applied to any 4–component sublinks of framings +1,+1,−1,−1 by assuming any
orientation.
9.8.5. D±1–moves and lantern-moves. Now it suffices to prove the following lemma.
Lemma 9.7. Suppose that admissible framed links L and L′ are related by a D±1–
move. Then there is a sequence between L and L′ of two lantern-moves, and finitely
many pair-moves.
Proof. Suppose that L′ is obtained from L by a D+1–move.
Let l = l1 ∪ l2 ∪ l3 ∪ l4 ⊂ L be the sublink of L involved in the D+1–move.
In Figure 19(a), the framed link l in a genus 4 handlebody V4 in M is depicted.
Here, as usual, V4 is identified with the complement of a trivial string link γ in the
cylinder D2× [0, 1]. Recall that the meridian to each strand of γ is null-homologous
in M , of zero framing, and having zero linking number with each component of L.
Then L′ is obtained from L by replacing l with a 4–component sublink l′ =
l′1 ∪ l′2 ∪ l′3 ∪ l′4 in Figure 19(e). We can go from (a) to (e) by using pair-moves and
lantern-moves as follows.
Starting at (a), we first apply pair-moves along the meridians to the first, second
and fourth strands, and then apply a lantern-move involving l1 to obtain (b). Next,
we arrive at (c) by applying a pair-move to remove two components which links
with the second and fourth strands.
Similarly, we can go from (e) to (c). We get from (e) to (d) by using pair-moves
along the meridians to the first, third and fourth strands, and a lantern-move
involving l′2. Then we get at (c) by one pair-move. 
Remark 9.8. A lantern-move can be realized by stabilizations, pair-moves, and one
D±1–move. To see this, one embeds V4 in M in such a way that the meridian to
the third strand of γ is mapped to a 0–framed unknot bounding a disk which does
not intersect the other components of the framed link. This amounts to removing
the third strand of γ in the definition of D±1–move. Then it is not difficult to see
that this special D±1–move is equivalent to a lantern-move up to stabilizations and
pair-moves.
9.9. Realizing moves with the other moves. Here we give a few remarks about
realizing some moves in Theorem 1.4 with the other moves.
In Theorem 1.4, the pair-moves are not necessary. Pair-moves on an admissible
framed link in M are used to modify the normal subgroup NL of pi1M . This can
be done also by using a sequence of IHX-moves. Note that any commutator [a, b]
in pi1M can be realized as the homotopy class of a component in an IHX-link
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Figure 19.
f(LIHX) ⊂M . Here we need to embed V4 in such a way that
f∗(x1) = a, f∗(x2) = b, f∗(x3) = f∗(x4) = 1,
where x1, . . . , x4 ∈ pi1V4 are as defined in Section 8.2.
If rankH1M < 4, then the admissible IHX-moves are not necessary in Theorem
1.4 since H4(H1M) = 0.
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